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We propose an extension of the scalaron-Higgs model by a non-minimal coupling of the Standard
Model Higgs boson to the quadratic Ricci scalar resulting in a Higgs-dependent scalaron mass.
The model predicts a successful stage of effective single-field Starobinsky inflation. It features a
multi-field amplification mechanism leading to a peak in the inflationary power spectrum at small
wavelengths which enhances the production of primordial black holes. The extended scalaron-Higgs
model unifies inflationary cosmology with elementary particle physics and explains the origin of cold
dark matter in terms of primordial black holes without assuming any new particles.
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I.

INTRODUCTION

In view of the countless number of inflationary models, predictability as well as theoretical motivation become even more important. In this respect, Starobinsky’s
quadratic f (R) model and the model of Higgs inflation
stand out. Starobinsky’s model is the natural geometric
extension of Einstein’s theory in which the higher derivatives in the quadratic curvature scalar lead to the emergence of an additional massive scalar propagating degree
of freedom, the scalaron, driving inflation [1]. In contrast,
in Higgs inflation, the inflaton is identified with the Standard Model (SM) Higgs boson non-minimally coupled to
the Ricci scalar [2]. Quantum corrections dominated by
the heavy SM particles [3] establish the connection between particle physics at the electroweak scale and cosmology at the energy scale of inflation via the renormalization group (RG) running [4–8], see [9] for a recent review on the Higgs field in cosmology. Both models lead
to the same predictions for the spectral inflationary observables [3, 10, 11]. This is a particular manifestation
of a more general equivalence between f (R) theories and
scalar-tensor theories for different field parametrizations
at the classical and quantum level [12–14].
The unification of these two models results in the twofield scalaron-Higgs model [15–18] (in the Palatini formalulation of the model [19–23] the scalaron is not a dynamical degree of freedom). Various aspects of this model
have been studied, including the dependence of the inflationary dynamics on the initial conditions [18, 24, 25], the
properties of its RG improvement [18, 26–32], the stabilization of the SM vacuum [18, 33], the (p)reheating scenario [34–37], and a multi-field amplification mechanism
that leads to features in the inflationary power spectrum
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[18]. Another interesting class of multi-field extensions of
Higgs inflation and Starobinsky’s R + R2 model is based
on a coupling to a dilaton field [38–42].
In contrast to single-field models of inflation [43–48],
multi-field models offer additional mechanisms for the
amplification of the adiabatic power spectrum due to
the multidimensional potential landscape and the curved
field space geometry. In particular, such an amplification can result in the formation of peaks in the adiabatic
power spectrum at small wavelengths. For peaks with
sufficiently large amplitudes, the production of Primordial Black Holes (PBHs) is greatly enhanced and might
explain the observed Cold Dark Matter (CDM) content
of the Universe, see [49–51] for a review. The production
of PBHs in multi-field inflation has recently been realized
in a variety of models, see e.g. [42, 52–58]. The formation of PBHs by an effective single-field ultra-slow roll
mechanism has also been investigated in a fine-tuned RGanalysis of the scalaron-Higgs model [31]. Aside from offering an explanation for the origin of the observed CDM,
PBHs offer a unique opportunity to constrain the adiabatic power spectrum at small wavelengths not accessible
to Cosmic Microwave Background (CMB) measurements.
In this article, we extend the scalaron-Higgs model
by a Higgs-dependent scalaron mass crucial for the successful realization of the multifield “isocurvature pumping” amplification mechanism described in [18, 42]. This
results in the formation of a single peak in the adiabatic power spectrum triggering the formation of PBHs
at small wavelengths. We find simple scaling relations
among the model parameters, which allow to adjust the
amplitude and the location of the peak in the power spectrum, such that a maximum total PBH-CDM mass fraction can be realized in all observationally viable mass
windows.
The model proposed in this article provides a unified
description of inflationary cosmology, CDM, and elementary particle physics without assuming any new physics
except for a non-minimal coupling of the SM Higgs boson
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to the modified gravitational R + R2 sector.

II.

EXTENDED SCALARON-HIGGS MODEL

We assume the SM embedded into curved spacetime
with a modified graviton-Higgs sector given by


Z
1 µν
4 √
Sgh = d x −g f (R, ϕ) − g ∂µ ϕ∂ν ϕ . (1)
2

We have introduced the parametrization
!
r
2 χ̂
F (χ̂) := exp
,
3 MP
m2 (ϕ) := M 2 (ϕ)



1
R+
R2
6 M 2 (ϕ)

2

m (ϕ) =
V (ϕ) =
(2)

The structure of the action (1) with the function (2) has
been investigated in [42] in the context of an abstract
dilaton field ϕ. In contrast, in this article, we study the
implications of identifying ϕ with the SM Higgs field.
This model provides a natural extension of the scalaronHiggs model considered in [15–18]. We formulate the
model as a two-field scalar-tensor theory.1 The auxiliary
field χ emerges when formulating the f (R, ϕ) theory as
a two-field scalar-tensor theory [18]. Transforming in addition to the the Einstein frame (EF) by performing the
non-linear field redefinitions


MP
χ̂
1 MP2
ĝµν ,
χ = √ exp √
,
(3)
gµν =
2 χ2
2
6MP
the action (1) is written as two-field action in the EF
Z
S[ĝ, Φ] =

 2

p
MP
ĝ µν
I
J
R̂ −
GIJ Φ,µ Φ,ν − Ŵ .
d x −ĝ
2
2
(4)
4

The scalar two-field potential Ŵ (Φ) in the EF reads

2
V
3 2 2
U
Ŵ (ϕ, χ̂) = 2 + m MP 1 − 2
.
F
4
MP F

1

m20

(9)

2

+ ζϕ ,

λ 2
ϕ −ν
4

(10)


2 2

.

(11)

Here, U (ϕ) corresponds to an effective Higgs-dependent
gravitational
√ constant with the reduced Planck mass
MP = 1/ 8πGN ≈ 2.4 × 1018 GeV (in natural units
c = ~ = 1) and the non-minimal coupling ξ, while M (ϕ)
leads to an effective Higgs-dependent scalaron mass m(ϕ)
with the constant scalaron mass m0 and non-minimal
coupling ζ. The potential V (ϕ) is defined by the SM
Higgs potential with the quartic self-coupling λ and the
symmetry breaking scale ν ≈ 246 GeV. The explicit
form of the functions in (9)-(11) may also be motivated
by the their limits for small and large values of the Higgs
field. In the limit ϕ/MP → 0, the original Starobinsky
model [1] is recovered, while for ϕ/MP → ∞, the model
features an asymptotic scale invariance. The main generalization compared to the scalaron-Higgs model investigated in [18] is the Higgs-dependent function (10). In
view of ν/MP ≈ 10−16 , we neglect the constant ν for
the inflationary analysis. Under these assumptions, the
inflationary EF two-field potential (6) reduces to

Ŵ (χ̂, ϕ) =
Here, χ̂ is the scalaron, effectively emerging from the
higher derivatives present in R2 term in (2). A more
detailed presentation of the transition from (1) to (4) can
be found in [18]. The local scalar field coordinates ΦI (x)
and the metric GIJ on the scalar field-space manifold are
defined by

 

1
0
χ̂
.
(5)
ΦI =
,
GIJ (Φ) =
ϕ
0 F −1 (χ̂)

(8)

U (ϕ) = MP2 + ξϕ2 ,


− V (ϕ).

MP2
.
U (ϕ)

The extended scalaron-Higgs model is defined by

The curvature-Higgs-dependent function in (1) reads
U (ϕ)
f (R, ϕ) =
2

(7)

λϕ4 + 3MP2 m20 + ζϕ2



2

ϕ
1 + ξM
2 − F

4F 2

P

2
.
(12)

III.

COVARIANT MULTI-FIELD FORMALISM

Following the general treatment in [18], we formulate
the inflationary dynamics of the background and the perturbations in terms of the covariant multi-field formalism. The line element of the perturbed flat FriedmannLemaître-Robertson-Walker (FLRW) universe reads
ds2 = − (1 + 2A) dt2 + 2aB,i dxi dt

(6)

The (on-shell) equivalence between f (R) theories and scalartensor theories and different field parametrization at the classical
and quantum level has been demonstrated in [13, 14].

+ a2 (δij + 2Eij ) dxi dxj .

(13)

Here, t is the cosmic time, a(t) is the scale factor,
i, j, . . . = 1, 2, 3 are spatial indices, δij = diag(1, 1, 1) is
the flat spatial metric and Eij := ψδij + E,ij . The scalar
metric perturbations A(t, x), B(t, x), ψ(t, x), and E(t, x)
combine with the scalar perturbations δΦI (t, x). The
Friedmann equations and the Klein-Gordon equations for
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the homogeneous scalar field multiplet ΦI (t) read


1
1
I J
H2 =
G
Φ̇
Φ̇
+
Ŵ
(Φ)
,
IJ
3MP2 2
1
GIJ Φ̇I Φ̇J ,
Ḣ = −
2MP2
Dt Φ̇I = − 3H Φ̇I − GIJ Ŵ ,J .

(14)
(15)
(16)

The dot is shorthanded for ∂t . The Hubble parameter
H(t) and the covariant time derivative Dt are defined by
H(t) :=

ȧ(t)
,
a(t)

Dt V I := V̇ I + Φ̇J ΓIJK (Φ)V K . (17)

The connection ΓIJK is defined with respect to (5) and
the unit vector along the background trajectory reads
q
Φ̇I
σ̂ I =
,
σ̇ = GIJ Φ̇I Φ̇J ,
GIJ σ̂ I σ̂ J = 1.
σ̇
(18)
I

The effective masses Ωσσ and m2s are defined by projecting (23) and (24) respectively and include additional
contributions of the turn rate
Ωσσ = σ̂ I σ̂ J ΩIJ − ω 2 ,

The operator f (d/dt) in (26) is defined by
"
!#
W,σ
Ḣ
d
f (d/dt) = 2
−
+
.
dt
σ̇
H

2

PR =

The unit vector ŝ orthogonal to σ̂ satisfies
GIJ ŝI σ̂ J = 0.

(19)

ω=

p
GIJ ω I ω J ,

ŝI =

ωI
.
ω

(20)

Instead of the perturbations δΦI (t, x), we work with the
gauge-invariant Mukhanov-Sasaki variable [59–61],
Φ̇I
ψ.
(21)
H
The equation for the Fourier modes of the perturbation
δΦIg (t, k) is found to be [61–63],
 2

k I
I
J
δ
+
Ω
(22)
Dt2 δΦIg + 3HDt δΦIg +
J δΦg = 0.
a2 J

εH = −

IV.

(24)

Here RIJKL is the Riemannian curvature tensor associated with the curved scalar field space manifold. Projecting (21) along σ̂ I and ŝI defines the adiabatic and
isocurvature perturbations
Qσ = σ̂ I GIJ δΦJg ,
δΦIg

I

Qs = ŝI GIJ δΦJg .

(25)

I

Inserting
= Qσ σ̂ + Qs ŝ into (22), the dynamical
equations for the Fourier modes Qσ (t, k) and Qs (t, k) in
the large wavelength limit k  aH read
Q̈σ + 3H Q̇σ + Ωσσ Qσ = f (d/dt)(ωQs ),

(26)

m2s Qs

(27)

Q̈s + 3H Q̇s +

= 0.

k 3 |Qs |
,
4π 2 εH MP2

(30)

ηH =

1 d ln εH
.
H dt

(31)

INFLATION AND PEAK FORMATION

The landscape of the two-field potential (12) is characterized by three valleys at ϕ0 = 0 and ϕ±
v , which are
solutions ϕ(χ̂) of the valley equation
Ŵ,ϕ = 0.

(32)

The model features two different scenarios which are
characterized by the parameter combination
x := 6

I

MIJ = ∇I ∇J Ŵ + RIKJL Φ̇K Φ̇L .

PS =

1 d ln H
,
H dt

δΦIg = δΦI +

Following the conventions introduced in [18], Ω J and the
effective mass tensor M IJ are defined by
 3

a I
ΩI J = M IJ − MP−2 a−3 Dt
Φ̇ Φ̇J ,
(23)
H

2

k 3 |Qσ |
,
4π 2 εH MP2

with the first two Hubble slow-roll parameters defined by

The unit vector ŝI is proportional to the acceleration
vector ω I which defines the turn rate ω,
ω I = Dt σ̂ I ,

(29)

Only if the combination of ω and Qs is sufficiently large,
Qσ is sourced by the “isocurvature pumping” mechanism
discussed in [18]. This amplification may lead to a peak
in the adiabatic power spectrum that is crucial for the
formation of PBHs [42]. The power spectra of the scalar
perturbations R = HQσ /σ̇ and S = HQs /σ̇ read

I

GIJ ŝI ŝJ = 1,

m2s = ŝI ŝJ MIJ + 3ω 2 . (28)

ξ 2 m20
.
λ MP2

(33)

The two scenarios shown in Fig. 1 are distinguished by
the conditions [42],
x<1
x≥1

Scenario I,
Scenario II.

(34)
(35)

We restrict our analysis to Scenario I. In contrast to
Scenario II, the global attractor nature of the ϕ0 = 0 solution in Scenario I ensures that the inflationary background trajectory is independent of the initial conditions.
In Scenario I, the first stage of inflation proceeds along
the ϕ0 = 0 attractor. It starts at χ̂i and lasts until shortly
before the critical value χ̂c is reached, at which the local
ϕ0 minimum turns into an unstable maximum [42],
"
r

2 #
3
ξ m0
χ̂c = MP
ln 1 + 2
.
(36)
2
ζ MP

4

FIG. 1. Bird’s eye view of the EF two-field potential (12). The
red lines sketch the inflationary trajectories running along the
valleys in the direction of the arrows. Left: In Scenario I, ϕ0
is a global attractor as the two valleys ϕ±
v merge with ϕ0 .
Right: In Scenario II, the valleys ϕ0 and ϕ±
v never merge.

During that stage the inflationary dynamics reduces to
an effective single-field model with Starobinsky potential
ŴStar (χ̂) := Ŵ (ϕ, χ̂)|ϕ=0 =

2
3 2 2
m M 1 − F −1 . (37)
4 0 P

Consequently, if χ̂c is sufficiently small, the predictions
for modes probed by the CMB radiation
2 × 10−4 Mpc−1 . kCMB . 2 Mpc−1 ,

(38)

are that of Starobinsky’s model. For the CMB modes
(38), the scalar and tensor power spectra only feature
a weak logarithmic k dependence parametrized by the
power-law ansatz
  nh
 nR −1
k
k
CMB
CMB
Ph
≈ Ah
, PR
≈ AR
. (39)
k∗
k∗
Here, k∗ is a pivot scale which first crosses the Hubble horizon N∗ efolds before the end of inflation. The
CMB predictions for AR , nR and the tensor-to-scalar
ratio r = Ah /AR in Starobinsky’s model read [1],
A∗R ≈

N∗2 m20
,
24π 2 MP2

n∗R ≈1 −

2
,
N∗

r∗ ≈

12
.
N∗2

(40)

Planck data [64] constraints A∗R , n∗R at k∗ = 0.05 Mpc−1 ,
A∗R = (2.099 ± 0.014) × 10−9
n∗R = 0.9649 ± 0.0042

(68% CL),
(68% CL),

(41)
(42)

all CMB modes (38) cross the horizon before the inflationary trajectory passes the critical point χ̂c . In this way
consistency with the observational constraints (41)-(43)
on the spectral CMB observables is ensured.
It is important to note that the relations (40) only
approximately hold in our analysis. This is primarily because the slow-roll dynamics along ϕ±
v , after crossing the
critical point χ̂c , is faster compared to that in Starobinsky inflation. This implies that χ̂(N∗ ) > χ̂Star (N∗ ),
where χ̂Star (N∗ ) represents the numerical value of χ̂ in
pure Starobinsky inflation at N = N∗ . Therefore, in
our model, k∗ would ‘feel’ a flatter part of the Starobinsky potential at the time of horizon crossing. The spectral index would be closer to one (closer to scale invariance), and therefore slightly higher than that predicted in
Starobinsky inflation. We found this deviation to be nonnegligible only for the largest values of λ ≈ 10−3 − 10−2
considered in our model. Nevertheless, the spectral index would still be compatible with CMB constrains by
choosing N∗ to be closer to 50 efolds for these large values of λ. In addition, the scalaron mass must be slightly
re-adjusted compared to the value (44) for different values of λ. However, as for the spectral index, these numerical changes are insignificant for all parameter values
considered in this work. We therefore fix N∗ = 60 and
m0 = 1.18 × 10−5 MP for all our numerical analyses.
The details of the dynamics in the vicinity of the critical point χ̂c are crucial for the formation of a peak in
the adiabatic power spectrum. Before reaching χ̂c , the
unit vector σ̂ I points in χ̂-direction and δϕ is directly
related to the isocurvature perturbation Qs which is suppressed due to a large and positive m2s , defined in (28).
At χ̂c , the effective isocurvature mass m2s becomes tachyonic, and, according to (27), leads to a strong growth of
the isocurvature modes Qs . However, already shortly
before the critical point is reached, the classical restoring force in ϕ-direction (proportional to m2s ) decreases
and becomes comparable to the unavoidable zero-point
fluctuations δϕ driving the trajectory away from the ϕ0
attractor. During this transition region around χ̂c the
diffusive quantum effects become important (even dominant) and the inflationary dynamics must be described
in terms of a probability density function (PDF) P (N, ϕ)
within the stochastic formalism [65].2 The PDF gives the
probability of the field having the value ϕ at time N and
is determined by the Fokker-Planck equation [42],
m2ϕ ∂(ϕP )
∂P
H 2 ∂2P
=−
−
.
∂N
3H 2 ∂ϕ
8π 2 ∂ϕ2

and the tensor-to-scalar ratio r∗ at k∗ = 0.002 Mpc−1 ,
r∗ < 0.064.

(43)
n∗R

∗

For N∗ = 50 ÷ 60, the predictions (40) for
and r are
in perfect agreement with (42) and (43). For N∗ = 60,
the normalization (41) fixes the scalaron mass to be
m0 ≈ 1.18 × 10−5 MP = 2.8 × 1013 GeV.

Here, dN := −Hdt counts the number of efolds such that
N = 0 at the end of inflation. A solution to the Fokker-

2

(44)

According to (36), by tuning the ratio ξ/ζ for fixed m20 ,
the value of χ̂c can be made sufficiently small such that

(45)

In [66–69] it was found that stochastic effects may induce strong
non-Gaussianities relevant for the calculation of the PBH abundance. While non-Gaussianities in general have an impact on the
PBH abundance, the intermediate stochastic phase in our model
is of a different nature compared to those studied in [66–69].

5
Planck equation (45) is provided by a Gaussian ansatz
with time dependent variance S(N ) = hϕ2 i(N ),


ϕ2
1
exp −
.
(46)
P (ϕ, N ) = p
2S(N )
2πS(N )

patching the following three stages as described in detail
in [42]: (Stage 1) Effective single-field Starobinsky inflation along ϕ0 for χ̂ > χ̂c . (Stage 2) Stochastic phase in
the vicinity of χ̂c . (Stage 3) Fall into the ϕ±
v valley and
subsequent slow-roll inflation along ϕ±
v until χ̂f .

The resulting first-order equation for the variance,
V.

H2
dS
2 m2ϕ
S − 2,
=
2
dN
3H
4π

(47)

effectively determines the time evolution of the background field ϕ(N ) via the identification [70],
p
ϕ(N ) ≡ S(N ).
(48)
The stochastic phase during which the quantum diffusive
term H 2 /4π 2 dominates the classical term 2m2ϕ S/(3H 2 )
in (47) lasts for a period ∆N estimated by [42],
∆N ≈

1 m20
.
ζ MP2

log10 HPR L

log10 HPR L

-4
-6
-8

-4
-6
-8

-10

-10
0

5

10
15
log10 Hkk*L

20

0

The generation of a peak in PR (k) centered at kp , triggers the production of PBHs with a mass distribution
f (MPBH ) centered at MPBH corresponding to kp .
We assume that a PBH directly forms once an overdensity greater than some critical value δc enters the horizon
δ(t, x) =

5

10
15
log10 Hkk*L

20

FIG. 2. Log-log plots of the numerically obtained PR (k) for
λ = 10−2 with k∗ = 0.002 Mpc−1 and N∗ = 60. Left: The parameters ξ = 1950 and ζ = 4.30 × 10−9 are chosen such that
the power spectrum features a peak at wavenumbers correIII
sponding to the LIGO mass window MPBH
. Right: The parameters ξ = 2050 and ζ = 8.3 × 10−9 are chosen such that
the power spectrum features a peak at wavenumbers correII
sponding to the mass window MPBH
.

After the fall, the background trajectory ultimately settles in one of the outer ϕ±
v valleys in which the inflationary dynamics again reduces to an effective single-field
model with a second phase of slow-roll inflation. Inflation
ends at χ̂f determined by the condition εH (ϕ±
v , χ̂f ) = 1,
close to the global minimum at χ̂ = 0. The exact inflationary background dynamics is obtained numerically by

ρ(t, x) − ρ̄(t)
.
ρ̄(t)

(50)

The PBH mass is given by the critical scaling [71, 72],
MPBH (δ, tf ) = K MH (tf )(δ − δc )γ .

(49)

As discussed in [42], for generating a sufficiently sharp
peak in the adiabatic power spectrum, the duration ∆N
must be smaller than one efold ∆N . 1.
Once the inflationary trajectory has been driven away
from the ϕ0 solution, it turns and falls into one of the
ϕ±
v valley. According to (26), the combination of the nonzero turn rate ω and the amplified isocurvature modes Qs
leads to a sourcing of the adiabatic modes Qσ responsible
for the formation of a peak in PR (k). The peak formation
at the modes kp corresponding to PBH masses in the
III
II
(defined in
and MPBH
two different mass windows MPBH
−2
Sect. V) is shown in Fig. 2 for λ = 10 .

PBH PRODUCTION AND CDM

(51)

Here, MH (tf ) is the horizon mass at the time of formation
tf and the parameters K, δc and γ in (51) are determined
numerically [72–75]. As in [42], following the discussion
below eq. (2.16) in [76], we fix these parameters to be
K = 10, δc = 0.25 and γ = 0.36 consistent with the
choice of the window function, as specified in the following discussion. In the Press-Schechter formalism, the
PBH mass fraction β at tf is calculated by [77],
Z ∞
ρPBH (tf )
MPBH (δ, tf )
β(tf ) =
=2
dδ
P (δ, tf ). (52)
ρ̄(tf )
MH (tf )
δc
The Gaussian probability of generating an overdensity
with amplitude δ at tf is given by


1
1 δ2
P (δ, tf ) = p
.
(53)
exp − 2
2 (t )
2 σR (tf )
2πσR
f
The variance smoothed over a scale R = 1/kR with
kR = a(tf )H(tf ) is determined by PR ,
2
σR
(tf )

Z

∞

=
0

16
d(ln k)
81



k
kR

4

W 2 (k/kR ) PR (tf , k).
(54)

The Gaussian window function in (54) reads [78],
"
 2 #
1 k
W (k/kR ) = exp −
.
4 kR

(55)

Trading the tf dependence for a MH := MH (tf ) dependence with g(teq ) := geq and MHeq := MH (teq ), the PBH
mass distribution f as a function of MH reads [42],
f (MH ) =

Ωm
Ωc



g(MH )
geq

−1/4 

MH
MHeq

−1/2
β(MH ). (56)

6

Ωm
f (MPBH ) = 2
Ωc


−1/4
MPBH g(MH )
d(ln MH )
MH
geq
−∞

−1/2
MH
µ1/γ
p
×
eq
2 (M )
MH
γ 2πσR
H
!

2
1/γ
µ
+ δc
× exp −
.
(58)
2 (M )
2σR
H
∞

Z

A simple estimate for the approximate PBH mass as a
function of the peak scale kp is obtained as [80],
−2

kp
12
.
(59)
MPBH (kp ) ≈ 6.3 × 10 M
Mpc−1
The PBH mass windows for which FPBH = 1 is compatible with observational constraints are [51, 81],
I
10−17 M . MPBH
. 10−16 M ,

10

−13

M .

II
MPBH

. 10

−9

M .

There is an ongoing discussion about the possibility to
explain all the observed CDM by PBHs in the LIGO
III
[50, 51, 81],
mass window MPBH
(62)

According to [51, 82–85], a maximal contribution
III
seems to be favored. The
FPBH . 10−2 ÷ 10−3 in MPBH
relation (59) implies that the mass windows (60)-(62) are
related to the following peak scales kp ,
kpI ≈ 1015 Mpc−1 ,
13

−1

10 Mpc

kpIII

&

kpII
6

11

(63)
−1

& 10 Mpc
−1

≈ 10 Mpc

.

,
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FIG. 3.
Left: PBH mass distribution f (MPBH ) with
FPBH = 0.01 obtained for the LIGO mass window (red dots)
with g(MH ) = 10.75 fitted by a log-normal Gaussian (66)
with AM = 0.01, ∆M = 0.412 and M0 = 15.74 M (blue line).
II
Right: f (MPBH ) with FPBH = 1 obtained for MPBH
(red
dots) with g(MH ) = 106.75 fitted by a log-normal (66) with
AM = 0.94, ∆M = 0.383 and M0 = 8 × 10−12 M (blue line).
.

For completeness, we mention that there are also parameter combinations leading to a mass distribution
f (MPBH ), which is compatible with observational constraints and leads to FPBH = 1 in the mass window
I
MPBH
. Since recent data from the NANOGrav Collaboration [86] suggests that PBHs may constitute a large
part (if not all) of CDM with a mass distribution centered in the mass window 10−15 M ÷ 10−11 M [87], the
II
I
and MPBH
distinction between the mass windows MPBH
might become obsolete.

(60)
(61)

III
10M . MPBH
. 102 M .

0.8

0.8

−∞

Following the analysis in [42], the mass distribution
as a function
of the PBH mass MPBH is defined by
R
FPBH := f (MPBH )d ln MPBH and obtained by using
(51), (52), (53), (56), and (57) with µ := MPBH /(KMH ),

1.0

1.0
10-2 ´ f

We take the matter density parameter Ωm = 0.315 and
the CDM density parameter Ωc = 0.264 [79]. The total
integrated PBH-CDM mass fraction today is defined as
Z ∞
f (MH )d ln MH .
(57)
FPBH :=

(64)
(65)

We present the PBH mass distribution f (MPBH ) for the
III
II
LIGO mass window MPBH
and the mass window MPBH
in Fig. 3.
Both mass distributions are obtained for the inflationary power spectra shown in Fig. 2 and are consistent with
all observational constraints. The numerically generated
f (MPBH ) (red dots) are fitted well by a log-normal distribution (blue line) defined by
(
)
2
AM
[ln (MPBH /M0 )]
f (MPBH ) = p
exp −
. (66)
2∆2M
2π∆2M

VI.

CONSTRAINTS ON PARAMETERS

We have demonstrated that there are parameter combinations for which the extended scalaron-Higgs model
describes a successful phase of inflation yielding predictions for the spectral observables (40) that are in perfect agreement with Planck data (41)-(43). At the same
time, it explains the observed CDM in terms of PBHs.
The compatibility with CMB measurements requires fixing m0 according to (44). The quartic Higgs coupling
λ is determined by SM physics. The remaining free parameters ζ and ξ are fixed by the properties of the peak
in PR (k) which ultimately determines the PBH fraction
of the observed CDM. In this section, we derive general
scaling relations among the parameters λ, ζ, and ξ, for a
given FPBH with underlying mass distribution f (MPBH )
centered at a given MPBH .
First, we derive a direct relation between the model
parameters ζ and ξ and the PBH mass around which
f (MPBH ) is centered. Using the definition of the number
of efolds N∗ − N = ln a/a∗ , for modes which cross the
horizon at k = aH and k∗ = a∗ H with constant H ≈ H∗
respectively, we obtain N∗ − N = ln k/k∗ . During the
phase of effective Starobinsky inflation, there is a simple
relation between N and the field value χ̂ given by N (χ̂) ≈
F (χ̂). The peak in PR (k) is centered around the modes
k ≈ kp ± ∆k which cross the horizon in the vicinity of
χ̂c . Hence, we can express kp in terms of χ̂c defined in
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(36) by the relation
ξ m20
kp ≈ k∗ exp N∗ − 1 − 2
ζ MP2



.

(67)

Since MPBH is related to the peak scale kp via (59) we
finally obtain MPBH in terms of the model parameters,
the pivot scale k∗ and the total number of efolds N∗ ,

MPBH ≈ M

4 × 10−7 k∗
Mpc−1

−2
e

m2
−2(N∗ −1)+4 ζξ 02
M
P

. (68)

For N∗ = 60, k∗ = 0.002 Mpc−1 , and m0 as in (44), we
obtain the linear scaling relation between ζ and ξ with a
MPBH -dependent proportionality coefficient
 
−1
−10
33 MPBH
ζ ≈ 5.6 × 10
ln 10
ξ.
(69)
M
Next, we obtain a relation involving λ and ξ from
the requirement that FPBH acquires a specific value for
a mass distribution f (MPBH ) centered around a given
MPBH . In view of the complex inflationary dynamics
around peak formation, described in Sect. IV, and the
details involved in calculating FPBH described in Sect. V,
going beyond an order of magnitude estimate based on
various simplifying assumptions seems to be illusive.
We start by noting that PR (k) is related to the perturbation Qσ (N, x) in position space by
Z
1 Q2σ (N, x)
.
(70)
d ln kPR (k) =
2εH
MP2
According to (25), Qσ is related to δ χ̂ and δϕ via
Qσ = GIJ σ̂ I δΦJ , with ΦI and GIJ defined in (5). During
most of the inflationary dynamics along ϕ0 and the later
I
part of the dynamics in ϕ±
v , the inflaton vector σ̂ points
in the χ̂ direction and Qσ exclusively receives contribution from δ χ̂. Only during the short peak formation stage
in the vicinity of χ̂c , where the trajectory turns and σ̂ I
has a non-zero component in ϕ-direction, Qσ also receives
contribution from δϕ. Here, we assume that during this
period σ̂ I points in the ϕ-direction such that (σ̂ ϕ )2 = F .3
For modes k ≈ kp ± ∆k, which cross the horizon during
this period, (70) reduces to
Z

kp +∆k

kp −∆k

Although the slow-roll dynamics along ϕ±
v slightly differs from that of the effective Starobinsky inflation along
ϕ0 , for an order of magnitude estimate we use the background relations of Starobinsky inflation F (χ̂) ≈ N and
εH (N ) ≈ 1/N 2 evaluated at Nc := N (χ̂c ), so that (72)
reduces to4
Ap ≈

2

hδϕ2 i ≤ ϕ±
v (χ̂max ) ,

1 hδϕ2 i
Ap ≈
.
2εH F MP2

2
|ϕ±
v (χ̂max )| =

(74)

m20
L(x),
ζ

(75)

with x defined in (33) and the function L(x) defined by
√
2−2 1−x−x
.
(76)
L(x) :=
x
Since (34) implies x < 1, the function (76) takes arguments from x ∈ [0, 1) which means that (76) takes values
in the interval L(x) ∈ [0, 1). For an order of magnitude
estimate we approximate L(x) = x/4 + O(x2 ) and obtain

(71)

4
5

(72)

The exact dynamics is more complicated and involves a short
phase in which δϕ and δ χ̂ simultaneously contribute to Qσ .

= 0.
χ̂max

A strong amplification of PR (k) requires a large δϕ
and hence a large |ϕ±
v (χ̂max )|. The inequality in (74)
2
can be parametrized by hδϕ2 i ≈ α2 |ϕ±
v (χ̂max )| with
5
±
α ∈ [0.1, 1]. The analytic expression for |ϕv (χ̂max )|2 is
found from (32) and the second equation in (74) as6

6
3

∂ϕ±
v (χ̂)
∂ χ̂

2
hδϕ2 i ≈ α2 |ϕ±
v (χ̂max )| ≈

For a simplified treatment we take the sharp peak limit
PR (k) ≈ Ap δ(ln k − ln kp ) such that (71) becomes

(73)

As discussed in Sect. IV, close to χ̂c quantum diffusive
effects dominate and a stochastic treatment is required
during which ϕ(N ) is identified with hδϕ2 (N, x)i1/2 . But
even after the stochastic phase, during the fall from ϕ0
to ϕ±
v , both δϕ and ϕ continue to grow together – δϕ
because Ŵ,ϕϕ is still negative, and ϕ because it moves
away from ϕ = 0 to larger field values until it reaches ϕ±
v.
However, just before the background trajectory settles in
the ϕ±
v valley, Ŵ,ϕϕ turns positive at the inflection point
Ŵ,ϕϕ = 0 during the fall. This leads to a sudden stop
of the growth of δϕ,
p while ϕ still continues to grow until
hδϕ2 i is bounded from above by the
ϕ = ϕ±
v . Hence
maximum distance between the two valleys ϕ±
v (χ̂max ) −
(
χ̂
)
attained
at
χ̂
<
χ̂
,
ϕ0 = ϕ±
max
max
c
v

2

1 hδϕ i
d ln kPR (k) ≈
.
2εH F MP2

Nc hδϕ2 i
.
2 MP2

α2 m20
x.
4ζ

(77)

III and M II , we
To produce PBHs in the mass windows MPBH
PBH
find Nc ≈ 40 and Nc ≈ 25, respectively.
Geometrically, the inflection point which lies between ϕ0 and ϕ±
v
cannot be too close to ϕ0 = 0. In addition, the inertia of the
background dynamics carries the trajectory along ϕ0 even after
reaching the bifurcation point shown in the left plot of Fig. 1,
such that the fall into ϕ±
v happens only after the valleys reach a
sufficient separation, justifying the lower bound on α.
The criterion to determine χ̂max in (74) only applies to
Scenario I. Only in this scenario, the valleys re-emerge at the
bifurcation point χ̂c turn and again move towards ϕ = 0.

8

Ap ≈

Nc m20 2
α x.
8ζ MP2

(78)

Ap ≈ 10−2 x.

(79)

Since a significant FPBH ≈ 1 requires a peak amplitude
Ap ≈ 10−2 ÷ 10−3 [42, 50], it is clear that x cannot be
much smaller than one and we finally obtain the estimate
x ≈ 1.

(80)

Using (33), this yields the approximate scaling relation
λ≈6

m20 2
ξ .
MP2

(81)

Inserting the scalaron mass m0 from (44), we obtain
λ ≈ 10−9 ξ 2 .

(82)

The precise value of FPBH for a given power spectrum
PR (k) ≈ Ap δ(ln k − ln kp ) is exponentially sensitive to
the peak amplitude Ap , as can be seen from the relations
(52)-(57). This is the main reason why any attempt to
obtain a precise analytical relation for FPBH in terms of
the model parameters is hard to realize. Nevertheless, in
view of (79), the amplification only depends on x such
that the same amplification is achieved for different values of ξ and λ as long as they are related by the scaling
relation (82). In general the exact numerical factor in the
quadratic scaling law (82), depends on the values of FPBH
and the PBH mass MPBH at which the mass distribution
f (MPBH ) peaks, but the scaling law λ ∝ ξ 2 will be the
same for all mass windows and total mass fractions.
As a side note, the relation (82) coincides with the
CMB normalization condition found in pure Higgs inflation [2–6]. This coincidence is surprising, as in our model
the CMB normalization condition (41) is satisfied by m0
alone and the parameters λ and ξ are not directly related
to CMB physics at large wavelengths but rather determine the PBH formation resulting from a peak in PR at
small wavelengths.
Finally, we check the analytical estimates (69) and (81)
by an exact numerical analysis. We systematically perform a parameter scan for different values of λ, ξ and
ζ such that a mass distribution f (MPBH ) in the winII
dow MPBH
centered around MPBH = 10−11 M with
FPBH ≈ 1, as shown in the right plot of Fig. 3, is realized.
The parameters λ, ξ and ζ that permit such realizations,
are related to each other by the scaling relations shown

0.008

6

Λ

4
2
0

We argued in Sect. IV that ∆N ≈ m20 /(MP2 ζ) corresponds to the duration of the stochastic phase and that
this phase must be sufficiently short ∆N . 1 in order to
produce a narrow peak in PR (k). Since Nc = O(10), the
magnitude of the total prefactor in (78) is estimated to
be of order Nc ∆N α2 /8 ≈ 10−2 , leading to the condition

0.010

8
10-9 ´ Ζ

Combining (73) with (77), we obtain the analytic estimate for the peak amplitude
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FIG. 4. Numerically obtained scaling relations for the parameters leading to FPBH ≈ 1 for f (MPBH ) centered around
MPBH = 10−11 M . Left: Linear scaling relation between ζ
and ξ. Numerically generated points (red) linear fit (blue).
Right: Quadratic scaling relation between λ and ξ. Numerically generated points (red) quadratic fit (blue).

in Fig. 4, which are remarkably close to the analytical
estimates (69) and (81).
The linear and quadratic fits to the numerically found
scaling relations in Fig. 4 are given by
ζ = 4.23 × 10−12 ξ,

λ = 2.47 × 10−9 ξ 2 .

(83)

In addition to the correct functional form of the scaling
relations, also the numerical coefficients in (83) agree well
with those predicted by the analytic estimates (69) and
(82), thereby numerically confirming them.
All parameters of the extended scalaron-Higgs model
are fixed. The parameter m0 is fixed by the CMB constraint (44) on the scalar inflationary power spectra at
large wavelengths, independently of the value for the
quartic Higgs coupling λ. In contrast, the non-minimal
couplings ζ and ξ are ultimately determined in terms of λ
by the scaling relations (69) and (81). The relations are
determined by the requirement that the peak in PR (k)
leads to a significant FPBH with a PBH mass distribution
f (MPBH ) centered around MPBH .
In the SM, the tree-level value of the quartic Higgs coupling λ ≈ 10−1 is determined by the symmetry breaking
scale ν and the Higgs mass Mh . In view of the huge energy gap separating the electroweak energy scale and the
inflationary energy scale, the RG improvement becomes
crucial to determine the value of the running Higgs coupling λ during inflation [4–6]. The contributions to the
beta function of λ are dominated by quantum loops of
the heavy SM particles. The system of the RG equations is highly sensitive to the precise conditions of the
RG flow at the electroweak scale, in particular to the
Higgs mass Mh and the Yukawa top-quark mass, which
are constraint by recent experimental bounds [88],
Mh = 125.10 ± 0.14 GeV,
Mt = 172.9 ± 0.4 GeV.

(84)
(85)

While an analysis of the full RG system of the extended
scalaron-Higgs model would be required for a precise determination of the running λ at the inflationary energy
scale, already the pure SM running may be sufficient to
derive a lower bound on λ. The RG running based on
the SM beta functions drives λ to small values at high
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energies during inflation. Depending on (84) and (85),
λ might even become negative and trigger an instability of the RG improved effective Higgs potential [89, 90].
Assuming a stable λ > 0, by continuously varying the
masses (84) and (85), the value of λ can in principle
be made arbitrarily small at some energy scale. However, the smallest value of λ which can be sustained over
the course of the inflationary dynamics is found to be
λ ≈ 10−6 [18, 91–93].
Hence, once the total mass fraction FPBH ≤ 1 and the
PBH mass MPBH around which the mass distribution
f (MPBH ) is centered are specified, the values of ζ and ξ
are fixed in terms of λ via the scaling relations (69) and
(82). The value of λ = 10−2 ÷ 10−6 during inflation, in
turn, is fixed by SM physics at the electroweak scale. In
this way, our unified model incorporates the physics of
the SM at the electroweak scale, explains the presently
observed CDM content of the Universe by PBHs and
leads to inflationary predictions in agreement with measurements of the CMB radiation.

VII.

CONCLUSIONS

The extended scalaron-Higgs model proposed in this
article is a viable model of inflation, which, at the same
time, explains the origin of the presently observed CDM
by PBHs.
One of the main features of the model is a Higgsdependent scalaron mass which arises from a nonminimal coupling of the SM Higgs field to the quadratic
scalar curvature invariant. Compared to the scalaronHiggs model [15–18], the additional non-minimal coupling ζ introduces one more parameter. With this additional parameter, the physics of the early Universe and
the physics of the SM at the electroweak scale are described in one unified model which explains the observed
CDM content without assuming any new particle, except
for the scalaron which effectively emerges from the modified gravitational sector.
In addition, due to the global attractor nature of the
ϕ0 solution, the scenario considered in this article has the
appealing feature that its predictions do not depend on
the initial conditions of the inflationary background trajectory. A correct description of the background dynamics requires a stochastic treatment in the vicinity of the
critical point χ̂c . The inclusion of these diffusive quantum effects are crucial for an accurate quantitative treatment of the multi-field “isocurvature pumping” mecha-

[1] A. A. Starobinsky, A new type of isotropic cosmological
models without singularity, Phys. Lett. B 91, 99 (1980).
[2] F. L. Bezrukov and M. Shaposhnikov, The Standard
Model Higgs boson as the inflaton, Phys. Lett. B 659,
703 (2008), arXiv:0710.3755 [hep-th].

nism and leads to the formation of a peak in PR at small
wavelengths responsible for a significant production of
PBHs [42] .
We find that the extended scalaron-Higgs model can
produce an observationally viable mass distribution
f (MPBH ) with FPBH ≈ 10−2 ÷ 10−3 in the LIGO mass
window (62) and FPBH ≈ 1 in the mass windows (60)
and (61). We find simple scaling relations (69) and (81)
between the non-minimal coupling parameters ζ, ξ, and
λ, for CDM to be described by PBHs of a given mass.
Together with the CMB normalization condition (41),
which fixes the scalaron mass m0 via (40), these scaling
relations uniquely determine all parameters of the model
in terms of λ. The quartic Higgs coupling λ, in turn, is
determined by SM physics. The RG analysis of the SM
suggests that a positive λ can take values λ ≈ 10−2 ÷10−6
at the energy scale of inflation. For these values of λ, the
model permits a viable phase of inflation and an explanation of the observed CDM through PBH production
in one single unified model without assuming any new
physics.
The predictions of the model on wavelengths probed
by the CMB are identical to that of Starobinsky’s model.
Thus, a measurement of the tensor-to-scalar ratio higher
than that predicted by Starobinsky’s model would rule
out this model.
Another characteristic feature of the model is that it
can only produce a single peak in the adiabatic power
spectrum, such that FPBH can only receive contributions
from PBHs within a narrow mass interval. Therefore,
the model can also be tested against the possibility of
FPBH collecting significant contributions from PBHs in
different mass intervals.
Finally, since all parameters of the model are fixed by
the SM (λ), the CMB (m0 ), and a significant FPBH (ξ)
for f (MPBH ) centered at MPBH (ζ), any additional prediction of the model, such as the production of gravitational waves accompanying the formation of PBHs
[50, 80, 94, 95], which may be detected by the space-based
gravitational interferometer LISA [57, 96, 97], could potentially rule out this model.

ACKNOWLEDGMENTS

AG and CFS thank Sergey V. Ketov for discussions.
AG thanks the University of Trieste and INFN for financial support and Angelo Bassi for supporting this collaboration.

[3] A. O. Barvinsky, A. Yu. Kamenshchik, and A. A.
Starobinsky, Inflation scenario via the Standard Model
Higgs boson and LHC, J. Cosmol. Astropart. Phys. 11,
021, arXiv:0809.2104 [hep-ph].
[4] F. L. Bezrukov, A. Magnin, and M. Shaposhnikov, Standard Model Higgs boson mass from inflation, Phys. Lett.

10
B 675, 88 (2009), arXiv:0812.4950 [hep-ph].
[5] A. De Simone, M. P. Hertzberg, and F. Wilczek, Running
Inflation in the Standard Model, Phys. Lett. B 678, 1
(2009), arXiv:0812.4946 [hep-ph].
[6] A. O. Barvinsky, A. Yu. Kamenshchik, C. Kiefer, A. A.
Starobinsky, and C. F. Steinwachs, Asymptotic freedom
in inflationary cosmology with a non-minimally coupled Higgs field, J. Cosmol. Astropart. Phys. 12, 003,
arXiv:0904.1698 [hep-ph].
[7] F. Bezrukov, A. Magnin, M. Shaposhnikov, and
S. Sibiryakov, Higgs inflation: consistency and generalisations, J. High Energy Phys. 01, 016, arXiv:1008.5157
[hep-ph].
[8] A. O. Barvinsky, A. Yu. Kamenshchik, C. Kiefer, A. A.
Starobinsky, and C. F. Steinwachs, Higgs boson, renormalization group, and naturalness in cosmology, Eur.
Phys. J. C 72, 2219 (2012), arXiv:0910.1041 [hep-ph].
[9] C. F. Steinwachs, Higgs field in cosmology, in 678th
WE Heraeus-Seminar: Hundred Years of Gauge Theory
(2019) arXiv:1909.10528 [hep-ph].
[10] F. L. Bezrukov and D. S. Gorbunov, Distinguishing between R2 -inflation and Higgs-inflation, Phys. Lett. B
713, 365 (2012), arXiv:1111.4397 [hep-ph].
[11] A. Kehagias, A. Moradinezhad Dizgah, and A. Riotto, Remarks on the Starobinsky model of inflation
and its descendants, Phys. Rev. D 89, 043527 (2014),
arXiv:1312.1155 [hep-th].
[12] C. F. Steinwachs, Non-minimal Higgs Inflation and
Frame Dependence in Cosmology (Spinger Theses,
Springer international publishing, Switzerland, 2014).
[13] A. Yu. Kamenshchik and C. F. Steinwachs, Question of
quantum equivalence between Jordan frame and Einstein
frame, Phys. Rev. D 91, 084033 (2015), arXiv:1408.5769
[gr-qc].
[14] M. S. Ruf and C. F. Steinwachs, Quantum equivalence
of f (R) gravity and scalar-tensor theories, Phys. Rev. D
97, 044050 (2018), arXiv:1711.07486 [gr-qc].
[15] Y. Ema, Higgs Scalaron Mixed Inflation, Phys. Lett.
B770, 403 (2017), arXiv:1701.07665 [hep-ph].
[16] Y.-C. Wang and T. Wang, Primordial perturbations generated by Higgs field and R2 operator, Phys. Rev. D96,
123506 (2017), arXiv:1701.06636 [gr-qc].
[17] M. He, A. A. Starobinsky, and J. Yokoyama, Inflation in the mixed Higgs-R2 model, JCAP 05, 064,
arXiv:1804.00409 [astro-ph.CO].
[18] A. Gundhi and C. F. Steinwachs, Scalaron-Higgs inflation, Nucl. Phys. B954, 114989 (2020), arXiv:1810.10546
[hep-th].
[19] I. Antoniadis, A. Karam, A. Lykkas, T. Pappas, and
K. Tamvakis, Rescuing Quartic and Natural Inflation in
the Palatini Formalism, JCAP 03, 005, arXiv:1812.00847
[gr-qc].
[20] I. D. Gialamas and A. Lahanas, Reheating in R2 Palatini
inflationary models, Phys. Rev. D 101, 084007 (2020),
arXiv:1911.11513 [gr-qc].
[21] T. Tenkanen, Minimal Higgs inflation with an R2 term
in Palatini gravity, Phys. Rev. D 99, 063528 (2019),
arXiv:1901.01794 [astro-ph.CO].
[22] T. Tenkanen, Tracing the high energy theory of gravity:
an introduction to Palatini inflation, Gen. Rel. Grav. 52,
33 (2020), arXiv:2001.10135 [astro-ph.CO].
[23] I. D. Gialamas, A. Karam, and A. Racioppi, Dynamically induced Planck scale and inflation in the Palatini
formulation, (2020), arXiv:2006.09124 [gr-qc].

[24] V.-M. Enckell, K. Enqvist, S. Rasanen, and L.-P.
Wahlman, Higgs-R2 inflation - full slow-roll study at treelevel, JCAP 01, 041, arXiv:1812.08754 [astro-ph.CO].
[25] T. Tenkanen and E. Tomberg, Initial conditions for
plateau inflation:
a case study, JCAP 04, 050,
arXiv:2002.02420 [astro-ph.CO].
[26] A. Salvio and A. Mazumdar, Classical and Quantum Initial Conditions for Higgs Inflation, Phys. Lett. B 750,
194 (2015), arXiv:1506.07520 [hep-ph].
[27] X. Calmet and I. Kuntz, Higgs Starobinsky Inflation,
Eur. Phys. J. C 76, 289 (2016), arXiv:1605.02236 [hepth].
[28] D. Gorbunov and A. Tokareva, Scalaron the healer: removing the strong-coupling in the Higgs- and Higgsdilaton inflations, Phys. Lett. B788, 37 (2019),
arXiv:1807.02392 [hep-ph].
[29] D. M. Ghilencea, Two-loop corrections to StarobinskyHiggs inflation, Phys. Rev. D98, 103524 (2018),
arXiv:1807.06900 [hep-ph].
[30] D. Samart and P. Channuie, Unification of inflation and
dark matter in the Higgs–Starobinsky model, Eur. Phys.
J. C 79, 347 (2019), arXiv:1812.11180 [gr-qc].
[31] D. Y. Cheong, S. M. Lee, and S. C. Park, Primordial
Black Holes in Higgs-R2 Inflation as a Whole Dark Matter, (2019), arXiv:1912.12032 [hep-ph].
[32] Y. Ema, K. Mukaida, and J. van de Vis, Renormalization Group Equations of Higgs-R2 Inflation, (2020),
arXiv:2008.01096 [hep-ph].
[33] Y. Ema, M. Karciauskas, O. Lebedev, S. Rusak, and
M. Zatta, Higgs-Inflaton Mixing and Vacuum Stability,
(2017), arXiv:1711.10554 [hep-ph].
[34] M. He, R. Jinno, K. Kamada, S. C. Park, A. A. Starobinsky, and J. Yokoyama, On the violent preheating in the
mixed Higgs-R2 inflationary model, Phys. Lett. B 791,
36 (2019), arXiv:1812.10099 [hep-ph].
[35] F. Bezrukov, D. Gorbunov, C. Shepherd, and
A. Tokareva, Some like it hot: R2 heals Higgs inflation, but does not cool it, Phys. Lett. B 795, 657
(2019), arXiv:1904.04737 [hep-ph].
[36] M. He, R. Jinno, K. Kamada, A. A. Starobinsky, and
J. Yokoyama, Occurrence of Tachyonic Preheating in the
Mixed Higgs-R2 Model, (2020), arXiv:2007.10369 [hepph].
[37] F. Bezrukov and C. Shepherd, A heatwave affair:
mixed Higgs-R2 preheating on the lattice, (2020),
arXiv:2007.10978 [hep-ph].
[38] M. Shaposhnikov and D. Zenhausern, Quantum scale invariance, cosmological constant and hierarchy problem,
Phys. Lett. B 671, 162 (2009), arXiv:0809.3406 [hep-th].
[39] J. Garcia-Bellido, J. Rubio, M. Shaposhnikov, and
D. Zenhausern, Higgs-Dilaton Cosmology: From the
Early to the Late Universe, Phys. Rev. D 84, 123504
(2011), arXiv:1107.2163 [hep-ph].
[40] D. Blas, M. Shaposhnikov, and D. Zenhausern, Scaleinvariant alternatives to general relativity, Phys. Rev.
D84, 044001 (2011), arXiv:1104.1392 [hep-th].
[41] S. Kaneda and S. V. Ketov, Starobinsky-like two-field
inflation, Eur. Phys. J. C76, 26 (2016), arXiv:1510.03524
[hep-th].
[42] A. Gundhi, S. V. Ketov, and C. F. Steinwachs, Primordial black hole dark matter in dilaton-extended two-field
Starobinsky inflation, Phys. Rev. D 103, 083518 (2021),
arXiv:2011.05999 [hep-th].

11
[43] J. Garcia-Bellido and E. Ruiz Morales, Primordial black
holes from single field models of inflation, Phys. Dark
Univ. 18, 47 (2017), arXiv:1702.03901 [astro-ph.CO].
[44] K. Kannike, L. Marzola, M. Raidal, and H. Veermäe,
Single Field Double Inflation and Primordial Black Holes,
JCAP 09, 020, arXiv:1705.06225 [astro-ph.CO].
[45] J. M. Ezquiaga, J. Garcia-Bellido, and E. Ruiz Morales,
Primordial Black Hole production in Critical Higgs Inflation, Phys. Lett. B 776, 345 (2018), arXiv:1705.04861
[astro-ph.CO].
[46] H. Motohashi and W. Hu, Primordial Black Holes and
Slow-Roll Violation, Phys. Rev. D 96, 063503 (2017),
arXiv:1706.06784 [astro-ph.CO].
[47] S. Rasanen and E. Tomberg, Planck scale black hole
dark matter from Higgs inflation, JCAP 01, 038,
arXiv:1810.12608 [astro-ph.CO].
[48] S. S. Mishra and V. Sahni, Primordial Black Holes from
a tiny bump/dip in the Inflaton potential, JCAP 04, 007,
arXiv:1911.00057 [gr-qc].
[49] M. Y. Khlopov, Primordial Black Holes, Res. Astron. Astrophys. 10, 495 (2010), arXiv:0801.0116 [astro-ph].
[50] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Primordial black holes—perspectives in gravitational
wave astronomy, Class. Quant. Grav. 35, 063001 (2018),
arXiv:1801.05235 [astro-ph.CO].
[51] B. Carr and F. Kuhnel, Primordial Black Holes as Dark
Matter: Recent Developments 10.1146/annurev-nucl050520-125911 (2020), arXiv:2006.02838 [astro-ph.CO].
[52] S. Pi, Y.-l. Zhang, Q.-G. Huang, and M. Sasaki,
Scalaron from R2 -gravity as a heavy field, JCAP 05, 042,
arXiv:1712.09896 [astro-ph.CO].
[53] K. Inomata, M. Kawasaki, K. Mukaida, and T. T.
Yanagida, Double inflation as a single origin of primordial black holes for all dark matter and LIGO observations, Phys. Rev. D 97, 043514 (2018), arXiv:1711.06129
[astro-ph.CO].
[54] D. D. Canko, I. D. Gialamas, and G. P. Kodaxis, A simple
F (R, φ) deformation of Starobinsky inflationary model,
Eur. Phys. J. C 80, 458 (2020), arXiv:1901.06296 [hepth].
[55] G. A. Palma, S. Sypsas, and C. Zenteno, Seeding primordial black holes in multi-field inflation, (2020),
arXiv:2004.06106 [astro-ph.CO].
[56] J. Fumagalli, S. Renaux-Petel, J. W. Ronayne, and L. T.
Witkowski, Turning in the landscape: a new mechanism for generating Primordial Black Holes, (2020),
arXiv:2004.08369 [hep-th].
[57] M. Braglia, D. K. Hazra, F. Finelli, G. F. Smoot, L. Sriramkumar, and A. A. Starobinsky, Generating PBHs and
small-scale GWs in two-field models of inflation, JCAP
08, 001, arXiv:2005.02895 [astro-ph.CO].
[58] Y. Aldabergenov, A. Addazi, and S. V. Ketov, Primordial
black holes from modified supergravity, Eur. Phys. J. C
80, 917 (2020), arXiv:2006.16641 [hep-th].
[59] V. F. Mukhanov, Quantum theory of gauge invariant
cosmological perturbations, Sov. Phys. JETP 67, 1297
(1988).
[60] M. Sasaki, Large Scale Quantum Fluctuations in the Inflationary Universe, Prog. Theor. Phys. 76, 1036 (1986).
[61] R. N. Greenwood, D. I. Kaiser, and E. I. Sfakianakis,
Multifield Dynamics of Higgs Inflation, Phys. Rev. D 87,
064021 (2013), arXiv:1210.8190 [hep-ph].
[62] M. Sasaki and E. D. Stewart, A General analytic formula
for the spectral index of the density perturbations pro-

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

duced during inflation, Prog. Theor. Phys. 95, 71 (1996),
arXiv:astro-ph/9507001 [astro-ph].
T. T. Nakamura and E. D. Stewart, The Spectrum of cosmological perturbations produced by a multicomponent
inflaton to second order in the slow roll approximation,
Phys. Lett. B 381, 413 (1996), arXiv:astro-ph/9604103
[astro-ph].
Y. Akrami et al. (Planck), Planck 2018 results. X. Constraints on inflation, (2018), arXiv:1807.06211 [astroph.CO].
A. A. Starobinsky, Stochastic de Sitter (inflationary)
stage in the early universe, Lect. Notes Phys. 246, 107
(1986).
C. Pattison, V. Vennin, H. Assadullahi, and D. Wands,
Quantum diffusion during inflation and primordial black
holes, JCAP 10, 046, arXiv:1707.00537 [hep-th].
J. M. Ezquiaga, J. García-Bellido, and V. Vennin,
The exponential tail of inflationary fluctuations: consequences for primordial black holes, JCAP 03, 029,
arXiv:1912.05399 [astro-ph.CO].
D. G. Figueroa, S. Raatikainen, S. Rasanen, and
E. Tomberg, Non-Gaussian tail of the curvature perturbation in stochastic ultra-slow-roll inflation: implications for primordial black hole production, (2020),
arXiv:2012.06551 [astro-ph.CO].
C. Pattison, V. Vennin, D. Wands, and H. Assadullahi,
Ultra-slow-roll inflation with quantum diffusion, (2021),
arXiv:2101.05741 [astro-ph.CO].
L. Randall, M. Soljacic, and A. H. Guth, Supernatural inflation: Inflation from supersymmetry with no
(very) small parameters, Nucl. Phys. B 472, 377 (1996),
arXiv:hep-ph/9512439.
J. C. Niemeyer and K. Jedamzik, Near-critical gravitational collapse and the initial mass function of primordial black holes, Phys. Rev. Lett. 80, 5481 (1998),
arXiv:astro-ph/9709072.
K. Jedamzik and J. C. Niemeyer, Primordial black hole
formation during first order phase transitions, Phys. Rev.
D 59, 124014 (1999), arXiv:astro-ph/9901293.
M. Shibata and M. Sasaki, Black hole formation in the
Friedmann universe: Formulation and computation in
numerical relativity, Phys. Rev. D 60, 084002 (1999),
arXiv:gr-qc/9905064.
I. Musco, J. C. Miller, and L. Rezzolla, Computations of
primordial black hole formation, Class. Quant. Grav. 22,
1405 (2005), arXiv:gr-qc/0412063.
A. Escrivà, C. Germani, and R. K. Sheth, Universal
threshold for primordial black hole formation, Phys. Rev.
D 101, 044022 (2020), arXiv:1907.13311 [gr-qc].
A. D. Gow, C. T. Byrnes, P. S. Cole, and S. Young,
The power spectrum on small scales: Robust constraints
and comparing PBH methodologies, JCAP 02, 002,
arXiv:2008.03289 [astro-ph.CO].
W. H. Press and P. Schechter, Formation of galaxies and
clusters of galaxies by selfsimilar gravitational condensation, Astrophys. J. 187, 425 (1974).
S. Young, The primordial black hole formation criterion re-examined: Parametrisation, timing and the choice
of window function, Int. J. Mod. Phys. D 29, 2030002
(2019), arXiv:1905.01230 [astro-ph.CO].
N. Aghanim et al. (Planck), Planck 2018 results. VI. Cosmological parameters, (2018), arXiv:1807.06209 [astroph.CO].

12
[80] T. Nakama, J. Silk, and M. Kamionkowski, Stochastic
gravitational waves associated with the formation of primordial black holes, Phys. Rev. D 95, 043511 (2017),
arXiv:1612.06264 [astro-ph.CO].
[81] B. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama,
Constraints on Primordial Black Holes,
(2020),
arXiv:2002.12778 [astro-ph.CO].
[82] Z.-C. Chen and Q.-G. Huang, Merger Rate Distribution
of Primordial-Black-Hole Binaries, Astrophys. J. 864, 61
(2018), arXiv:1801.10327 [astro-ph.CO].
[83] M. Raidal, C. Spethmann, V. Vaskonen, and H. Veermäe, Formation and Evolution of Primordial Black
Hole Binaries in the Early Universe, JCAP 02, 018,
arXiv:1812.01930 [astro-ph.CO].
[84] A. D. Gow, C. T. Byrnes, A. Hall, and J. A. Peacock, Primordial black hole merger rates: distributions for multiple LIGO observables, JCAP 01, 031, arXiv:1911.12685
[astro-ph.CO].
[85] V. De Luca, G. Franciolini, P. Pani, and A. Riotto, Primordial Black Holes Confront LIGO/Virgo data: Current situation, JCAP 06, 044, arXiv:2005.05641 [astroph.CO].
[86] Z. Arzoumanian et al. (NANOGrav), The NANOGrav
12.5-year Data Set:
Search For An Isotropic
Stochastic Gravitational-Wave Background,
(2020),
arXiv:2009.04496 [astro-ph.HE].
[87] V. De Luca, G. Franciolini, and A. Riotto, NANOGrav
Hints to Primordial Black Holes as Dark Matter, (2020),
arXiv:2009.08268 [astro-ph.CO].
[88] M. Tanabashi et al. (Particle Data Group), Review of
Particle Physics, Phys. Rev. D98, 030001 (2018).
[89] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa,
G. F. Giudice, G. Isidori, and A. Strumia, Higgs mass

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

and vacuum stability in the Standard Model at NNLO,
JHEP 08, 098, arXiv:1205.6497 [hep-ph].
D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice, F. Sala, A. Salvio, and A. Strumia, Investigating
the near-criticality of the Higgs boson, JHEP 12, 089,
arXiv:1307.3536 [hep-ph].
Y. Hamada, H. Kawai, K.-y. Oda, and S. C. Park, Higgs
Inflation is Still Alive after the Results from BICEP2,
Phys. Rev. Lett. 112, 241301 (2014), arXiv:1403.5043
[hep-ph].
F. Bezrukov and M. Shaposhnikov, Higgs inflation
at the critical point, Phys. Lett. B734, 249 (2014),
arXiv:1403.6078 [hep-ph].
Y. Hamada, H. Kawai, K.-y. Oda, and S. C. Park, Higgs
inflation from Standard Model criticality, Phys. Rev.
D91, 053008 (2015), arXiv:1408.4864 [hep-ph].
J. Garcia-Bellido, M. Peloso, and C. Unal, Gravitational Wave signatures of inflationary models from
Primordial Black Hole Dark Matter, JCAP 09, 013,
arXiv:1707.02441 [astro-ph.CO].
K. M. Belotsky, V. I. Dokuchaev, Y. N. Eroshenko, E. A.
Esipova, M. Y. Khlopov, L. A. Khromykh, A. A. Kirillov, V. V. Nikulin, S. G. Rubin, and I. V. Svadkovsky,
Clusters of primordial black holes, Eur. Phys. J. C 79,
246 (2019), arXiv:1807.06590 [astro-ph.CO].
R.-g. Cai, S. Pi, and M. Sasaki, Gravitational Waves
Induced by non-Gaussian Scalar Perturbations, Phys.
Rev. Lett. 122, 201101 (2019), arXiv:1810.11000 [astroph.CO].
N. Bartolo, V. De Luca, G. Franciolini, A. Lewis,
M. Peloso, and A. Riotto, Primordial Black Hole Dark
Matter: LISA Serendipity, Phys. Rev. Lett. 122, 211301
(2019), arXiv:1810.12218 [astro-ph.CO].

