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We discuss the role of quantum coherence in the energy fluctuations of open quantum systems. To this aim,
we introduce an operational protocol, to which we refer to as the end-point-measurement scheme, allowing to
define the statistics of energy changes as a function of energy measurements performed only after its evolution.
At the price of an additional uncertainty on the value of the initial energies, this approach prevents the loss of
initial quantum coherences and enables the estimation of their effects on energy fluctuations. We illustrate our
findings using a three-level quantum system in interaction with thermal reservoirs.

When the size of a physical system is scaled down to
enter the micro-/nano-scopic domain, the fluctuations of
relevant physical quantities start playing a pivotal role
in establishing the energetics of the system itself. Such
fluctuation obey fundamental relations, going under the
name of fluctuation theorems, that recast the laws of ther-
modynamics in such a new regime of operation. The
definition of familiar thermodynamic quantities should
be refined at such micro- and nano-scales to account for
fluctuation-induced physical effects. Should the range of
energies involved in a given system bring its dynamics
within the domain of quantum theory, the very nature of
such fluctuations become even more interesting as en-
compassing both classical – i.e., thermal – and quantum
contributions. The characterization of the latter, and the
understanding of their interplay with the former, so as to
set the dynamics of fundamental energy transformations
at the quantum level, are daunting yet very stimulating
open problems.

One of the key achievements of the emerging field of
thermodynamics of quantum processes [1–4] is the iden-
tification of a strategy for the assessment of the ener-
getics stemming from non-equilibrium quantum dynam-
ics. The so-called two-point measurement (TPM) proto-
col [5–7], where the energy is measured both at the ini-
tial and final time, has been introduced with the purpose
of determining the work statistics of a quantum system
driven by a time-dependent protocol.

The main idea behind this protocol stems from classi-
cal considerations: The energy-change of a given system
is determined by measuring energy before and after the
dynamics takes place. Such evaluation depends only on
the knowledge of the Hamiltonian that drives the process
and not on the procedure or apparatus used to measure it.
However, in quantum mechanics, measurements play an
active role in that they condition the dynamical evolution
of a system [8]. In particular, in the TPM protocol the
first energy measurement – performed before the dynam-
ics takes place – destroys the quantum coherences (and

possible quantum correlations with the environment) in
the initial state of the system, forcing the system into an
energy eigenstate [9, 10]. Such a loss of coherence is
common to interferometric formulations of TPM, which
have been put forward to ease the experimental inference
of the statistics of non-equilibrium thermodynamic quan-
tities [11–13].

Recently, much effort has been devoted to understand
the role of coherence in quantum thermodynamics [14–
23]. In particular in Refs. [14, 15, 19, 24] full counting
statistics [25, 26] has been put in place to study work
fluctuations in quantum systems initialized in an arbi-
trary state, pointing out that the quantum interference
stemming from solely taking into account quantum co-
herence terms could lead to negative quasi-probability
work distributions [27].

In this paper, we propose an operational end-point-
measurement (EPM) protocol to quantify the statistical
moments of energy fluctuations in the (possible) pres-
ence of quantum coherence in the initial state of the
quantum system. Such a protocol removes the need for
the first projective measurement required in the TPM
protocol, thus preventing the collapse of the initial state
of the system onto the energy basis. This is in contrast
with recent proposals such as the one given in Ref. [23],
where the system has to be initialized in a mixture of
eigenstates pertaining to an observable O that does not
commute with the system Hamiltonian. In this scheme
the initial density matrix is diagonal in the eigenbasis of
O, and this is equivalent in an experimental realization
to measure O at the initial time, so that in each trajec-
tory the starting point is an eigenstate of O. Our pro-
posal is different from this (as discussed below) and other
TPM schemes, since we do not foresee any initial projec-
tive measurement and the initial state fully evolves with
the typical interference phenomena of quantum dynam-
ics [28].

Remarkably, our formalism is able to fully character-
ize the fluctuations of energy changes by distinguishing
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between contributions stemming from genuine quantum
coherences and those resulting from initial populations
(i.e., the diagonal elements of the initial density ma-
trix) – albeit at the cost of a quantifiable extra uncer-
tainty. Therefore, these results offer the possibility to
single out the thermodynamic features resulting from co-
herence and correlation-induced quantum effects, and set
them apart from those due to thermal fluctuations. As the
giving away of the initial energy measurement on the sys-
tem is likely to entail a substantive practical simplifica-
tion, we expect our EPM protocol to be viable in a variety
of experimental situations, thus promoting our protocol
to be a fully fledged alternative to the celebrated TPM
scheme when quantum signatures are taken into account.
Coherence in the energy eigenbasis.– Let us consider a
d-dimensional quantum system S evolving according to
a one-parameter family of completely-positive and trace-
preserving (CPTP) maps Φt : ρi → ρf = Φt[ρi] [29]
within the time interval I ≡ [ti, tf]. Here ρi (ρf) is the
initial (final) density operators of the system. This gen-
eral setting includes several scenarios: our derivation can
be specialized to the case of closed systems dynamics
with time-dependent Hamiltonian, where energy fluctua-
tions just identify as work, or to an open quantum system
with a time-independent Hamiltonian, where only heat-
transfer can occur.

In what follows, we consider the case where the sys-
tem is not subject to any initial projective measurement
and aim at characterizing the fluctuations of the energy
only by the means of a final-time measurement. This is
different from the TPM protocol and also from Ref. [23]
where the elements of an ensemble of identical systems
should be prepared each in one of the eigenstates of ρi or
of an observable not commuting with the Hamiltonian.
The only projective energy measurement of our EPM
protocol is performed at the final time instant tf , i.e., after
the evolution is complete. This approach gives rise to the
dynamical trajectories T k

i : ρi → Πk
f , with Πk

f ≡ |E
k
f 〉〈E

k
f |

the projector onto the k-th energy eigenstates |Ek
f 〉 of the

system Hamiltonian at time tf . The stochastic nature of
the outcomes of the end-point energy measurement with
respect to the initial energies the system would have, if
the energy had been measured, make the energy differ-
ences ∆E ≡ Ef − Ei a random variable.

From a dynamical viewpoint, the initial quantum co-
herence in the state of S in the energy basis can be taken
into account by considering the probability distribution
of the final energy values dictated by the evolved ini-
tial state ρi, comprising its coherence. By fixing the fi-
nal energy of S at tf , there is always a probability law
weighting the trajectories T k

i , which can be arranged in
N groups corresponding to the number of possible energy
values at ti. Such probability law has a purely classical
nature and can be interpreted as the uncertainty on the

values of Ei, and thus ∆E.
By just performing energy measurements at the final

time tf , one can thus embed the effects of initial coher-
ences into single realizations of the system evolution.
The uncertainty on Ei reflects the fact that its values are
obtained as if we were performing a virtual projective
measurements, thus without effectively considering any
state collapse. This justifies the statistical independence
of the energy projective measurements at tf with respect
to the initial virtual one.

We pause here to comment about the initial state ρi.
Suppose that it is not diagonal in the energy basis: one
can object in this case that it always exists an observ-
able, let denote it by O, in whose basis ρi is diagonal.
However, there is an expected difference between the
case where a) a measurement of O is done at time ti and
one starts each trajectory from an eigenstate of O (as in
Ref. [23]) and the one where or b) no measurement is
implemented and the quantum dynamics can fully show
interference among paths. Such difference will be quan-
tified later.

Another comment is due on the initial energies Ei: if
the energy is not measured at t = ti, how we can talk
about them? The point is that this information, and the
related thermodynamic cost, is encoded in the prepara-
tion of the initial state. So ρi is prepared in a way that,
if we decide to measure the energy, we would find the
initial energies Ei. One can think, as illustrated in Fig. 1,
that one prepares the state ρi a certain (very large) num-
ber of times and in a (finite) fraction of them one mea-
sures the energy to verify that the E`

i (eigenvalues of the
Hamiltonian at time t = ti) are obtained with the proba-
bility assigned by the density matrix ρi – and the remain-
ing times one uses the ρi as input for our protocol without
measuring the energy at the time t = ti.
Energy-change distribution and link with fluctuation
relations.– Let us assume a time-dependent Hamiltonian
process and define the probability distribution associated
to ∆E and analyze its properties. At the single-trajectory
level, the density operator after the end-point energy
measurement is one of the eigenstates Πk

f of the time-
dependent Hamiltonian H(tf). Such state is achieved
with probability

pk
f ≡ Tr

(
ρfΠ

k
f

)
= Tr

(
Φtf [ρi]Πk

f

)
. (1)

Thus, given the energy variation ∆Ek,` ≡ Ek
f −E`

i in terms
of the eigenvalues of H(t), the probability distribution of
∆E is obtained as

Pcoh(∆E) =
∑

k

pk
f

∑
`

p`i δ(∆E − ∆Ek,`), (2)

where p`i ≡ p(E`
i ) = Tr(ρiΠ

`
i ) is the probability of

obtaining E`
i if an energy measurement was performed
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on S (initial virtual measurement in the sense before
specified). In Eq. (2), the suffix ”coh” stands for ”co-
herence”. The joint probability p(E`

i , E
k
f ) associated

to the stochastic variable ∆Ek,`, such that Pcoh(∆E) =∑
`,k p(E`

i , E
k
f )δ(∆E − ∆Ek,`), can be then cast into the

form

p(E`
i , E

k
f ) = p`i pk

f = Tr
(
ρiΠ

`
i

)
Tr

(
Φtf [ρi]Πk

f

)
≡ p`,kcoh. (3)

As already noticed, the assumption behind this expres-
sion is the statistical independence of the results of the
final energy projective measurement and initial virtual
one. This comes intuitively from the fact that the ini-
tial measurement is not performed and only the statistics
related to the initial state preparation is used.

The following properties hold for the distribution
Pcoh(∆E):
Property (i) Pcoh(∆E) is a probability distribution, such
that

∑
k,` p`,kcoh = 1.

Property (ii) The average energy variation 〈∆E〉Pcoh ≡∫
d∆E Pcoh(∆E)∆E, correctly reproduces the expected

definition of the average energy change induced by the
CPTP map Φt, that is

〈∆E〉 = Tr(H(tf)ρf) − Tr(H(ti)ρi), (4)

where we have used the hypothesis of statistical inde-
pendence between the final energy measurement and the
virtual initial one [30].
Property (iii) Pcoh(∆E) cannot result from a fluctuation
theorem (FT) protocol.
Even by substituting a state diagonal in the (initial) en-
ergy eigenbasis in place of the initial density operator
ρi in Eq. (2), it is not possible to directly recover the
conventional energy-change statistics resulting from the
TPM protocol. The latter is recovered only when the
initial state is an eigenstate of the energy (in this re-
gard, see the appendix). In this case, the discrepancy
between the two joint probabilities has to be ascribed en-
tirely to a classical uncertainty on the initial state of the
system, which is retained in our scheme while is lost in
the TPM protocol due to the initial energy measurement.
As pointed out in the appendix, this result is in agree-
ment with the no-go theorem put forward in Ref. [31]. As
a consequence, the scheme leading to the expression of
Pcoh(∆E) cannot be defined as a FT protocol [18]. For the
same reasons, besides a few exceptions discussed in the
appendix, the distribution Pcoh(∆E) may not be convex
under a linear mixture of protocols that only differ by the
initial density operator ρi. This means that, in general,
given the initial density operator ρi = ζρi,1 + (1 − ζ)ρi,2
with ζ ∈ [0, 1], Pcoh(∆E|ρi) having ρi as initial state can-
not be expressed as a linear composition of the distribu-
tions Pcoh(∆E|ρi,1) and Pcoh(∆E|ρi,2).

In order to properly single out the effect of the initial
state coherence in the energy basis, and clearly separate

it from the effects of classical uncertainty, we split the
initial state of S as ρi = P+χ, where P is diagonal in the
energy basis while χ encodes the coherence contributions
and it is such that Tr(χ) = 0. Then p`,kcoh in Eq. (3) can be
correspondingly split as

p`,kcoh = p`i pk
f ≡ p`i pk

P + p`i pk
χ, (5)

with

pk
f ≡ pk

P + pk
χ = Tr(Φt[P]Πk

f ) + Tr(Φt[χ]Πk
f ). (6)

The first term, p`i pk
P , in Eq. (5) encodes information

on classical uncertainty on the initial system populations,
while the second one, p`i pk

χ, takes into account the effects
of initial coherence. In the following the notation pPcoh ≡

p`i pk
P will be used. Owing to the statistical independence

of outcomes {E`
i } and {Ek

f }, such terms can be separately
analyzed. The term (6) containing the information on
the initial coherence can be experimentally determined
as illustrated in Fig. 1, where we discuss how to obtain
p`i , pk

P and pk
f . Using Eq. (5) one can determine pk

χ.
It is worth pointing out that in the absence of ini-

tial coherences Eq. (3) is equivalent to the product of
the marginals of the probability distribution of the TMP
scheme [32]. We thus have H(pTPM) ≤ H(pcoh|χ=0),
which follows from the positivity of mutual information
(here H(p) stands for the Shannon entropy aof a given
distribution p). However, the same result is not true in
general if initial coherence is present.

Before going further, let us address the differences
with the protocol put forward in Ref. [23] – labelled as
MLL from here on – to study the effects of coherence
on heat fluctuations. In such a scheme, a general ini-
tial state, decomposed in terms of its eigenstates {|s〉}
as ρi =

∑
s ps|s〉〈s|, is associated with the joint prob-

ability p`,kMLL ≡
∑

s ps|〈s|E`
i 〉|

2Tr(Φtf [|s〉〈s|]Π
k
f ). The lat-

ter reduces to the joint probability of the TPM protocol
for an initial state diagonal in the energy basis and to
the distribution p(`,k)

coh in our protocol for any initial pure
state. However, for a generic initial state, such corre-
spondences are lost and the protocol in Ref. [23] requires
ρi to be initialized in its own eigenstates, corresponding
to a projective measurement on the eigenstates basis. In
fact, the construction of p`,kMLL requires the knowledge of
the evolution of each individual components of ρi. In this
regard, our protocol requires less information on the sys-
tem dynamics – but at the cost of an extra uncertainty on
the statistics of ∆E (cf. the appendix). A detailed discus-
sion of the comparison betweem EPM, MLL and TPM
protocols is in the appendix.
Linear response approximation.–We now further char-
acterize the distribution of energy changes and address
its 1st and 2nd statistical moments in comparison with
the corresponding quantities achieved using some of the
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FIG. 1. Illustration of our operational protocol for the quanti�ca-
tion of energy �uctuations and the extraction of information about
coherence. An ensemble of identical systems, all prepared in the
same initial state ⇢i, is initially divided in three (in general hetero-
dimensional) subgroups. One subgroup is used to obtain p` =

Tr[⇢i⇧
(`)
i ] via an initial energy measurement. The second subgroup

goes through a dephasing channel that returns the diagonal state in
the energy basis P . Then, P is subject to the dynamical quantum
map �t and used to derive Tr[�t(P)⇧

(k)
f ] (note that also the �rst

subgroup, after the energy measurement, can be used for such pur-
pose). Finally, the third subgroup of systems are those that are not
initially measured but directly subjected to the system dynamics.
These are used to obtain Tr[�t(⇢i)⇧

(k)
f ].

In order to properly single out the e�ect of the initial state
coherence in the energy basis, and clearly separate it from
the e�ects of classical uncertainty, we split the generic initial
state as ⇢i = P +� , where P is diagonal in the energy basis
(it represents the initial energy populations) while � encodes
the coherence contributions and it is such that Tr[�] = 0.
Thus, Eq. (3) can be correspondingly split as

Tr[P⇧
(`)
i ]

⇣
Tr[�[P]⇧

(k)
f ] + Tr[�[�]⇧

(k)
f ]

⌘
⌘ p`p

P
k + p`p

�
k .

(5)
The �rst term, i.e. p`pP

k , encodes information over time on
the classical uncertainty on the initial system populations,
while the second term p`p

�
k takes into account the e�ect of

initial coherence. Thanks to the statistical independence of
the energy outcomes {E

(`)
i } and {E

(k)
f }, these two terms can

be separately analyzed. The term of the joint probability (3)
containing the information on the initial coherence can be
also experimentally determined as illustrated in Fig. 1.

Moreover, before proceeding let us also clarify the con-
nection, and subtle di�erences, with the protocol of Micadei-
Landi-Lutz (MLL) in [23] where the authors study the e�ect
of coherence on heat �uctuations. Given a general initial
state written in terms of its eigenstates, ⇢i =

P
s p(s)|sihs|,

the MLL protocol associates to it the joint probability p`,kMLL ⌘P
s p(s)Tr[|sihs|⇧(`)

i ]Tr[�tf [|sihs|]⇧
(k)
f ]. The latter reduces to

the joint probability of the TPM protocol for an initial state
diagonal in the energy basis and to the joint probability p

(`,k)
coh

of our protocol for any initial pure state. The main di�er-
ence with the operational protocol presented in this work
(see Fig. 1) consists in the fact that in the MLL protocol the

generic initial state ⇢i needs to be evaluated in initially mea-
sured in its eigenbasis and thus expressed as a function of
the set of eigenvectors {|si} diagonalizing ⇢i. Indeed, in or-
der to derive obtain p

(`,k)
MLL, the evolution of the single com-

ponents of the initial statistical ensemble has to be known.
From this perspective, our protocol requires less information
on the system dynamics, but at the cost of an extra uncer-
tainty on the statistics of �E (for further details see also the
SM).

Linear response approximation.– In this paragraph, we fo-
cus on the 1st and 2nd statistical moments of the proposed
�E probability distribution in comparison to other proto-
cols. For what concerns h�Ei, the �rst moment provided
in (4) recovers the expected di�erence of the averaged initial
and �nal Hamiltonian. This holds also for the MLL proto-
col [23], while it is true for the TPM protocol only for initially
diagonal states in the energy basis. while it is true for the
TPM only when the mixture (diagonal operator in the initial
energy basis) resulting from the �rst energy measurement is
considered as the initial state. Instead, concerning the sec-
ond moment h�E2i, which accounts for the �uctuations of
the random variable �E under the linear response approxi-
mation, from the probability distribution of (2) one can get

h�E2i = Tr[H2(ti)⇢i] + Tr[H2(tf)�tf [⇢i]] (6)
� 2 Tr[�tf [⇢i]H(tf)] Tr[⇢iH(ti)].

This result coincides, in general, with the one of the MLL
protocol only for initial pure state and with the TPM proto-
col only for an initial state corresponding to an eigenstate of
H(ti). By implementing the substitution ⇢i = P + � , one
has that in (6) the contribution of the initial state coherence
is included entirely in the second and third term

h�E2i = h�E2iP + Tr[H2(tf)�tf [�]] (7)
� 2 Tr[�tf [�]H(tf)] Tr[PH(ti)],

where h�E2iP is obtained from (6) by replacing ⇢i ! P . It
should be noted that, if the initial state ⇢i is such that P is a
projector, then h�E2iP = h�E2iTPM and all the di�erences
in the second moments are originated by coherence terms in
⇢i. The latter, indeed, are unavoidably destroyed by applying
the TPM protocol.

Characteristic function and physical meaning.– The infor-
mation about all the statistical moments of the energy change
statistics is encoded in the characteristic function G(u) of
Pcoh(�E), generally de�ned as G(u) ⌘ heiu�EiPcoh

=R
d�E eiu�EPcoh(�E), u 2 C. Being the outcomes {E

(k)
f }

of the �nal energy projective measurement statistically inde-
pendent from the initial “virtual outcomes” {E

(`)
i } at t = ti,

the characteristic function equals to

G(u) = Tr[e�iuH(ti)⇢i] Tr[eiuH(tf )�tf [⇢i]]. (8)

From Eq. (8) one can observe that the �uctuations of�E orig-
inate not only from the action of the CPTP map �[⇢] on the
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i } at t = ti,

the characteristic function equals to

G(u) = Tr[e�iuH(ti)⇢i] Tr[eiuH(tf )�tf [⇢i]]. (8)

From Eq. (8) one can observe that the �uctuations of�E orig-
inate not only from the action of the CPTP map �[⇢] on the
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FIG. 1. Illustration of our operational protocol for the quanti�ca-
tion of energy �uctuations and the extraction of information about
coherence. An ensemble of identical systems, all prepared in the
same initial state ⇢i, is initially divided in three (in general hetero-
dimensional) subgroups. One subgroup is used to obtain p` =

Tr[⇢i⇧
(`)
i ] via an initial energy measurement. The second subgroup

goes through a dephasing channel that returns the diagonal state in
the energy basis P . Then, P is subject to the dynamical quantum
map �t and used to derive Tr[�t(P)⇧

(k)
f ] (note that also the �rst

subgroup, after the energy measurement, can be used for such pur-
pose). Finally, the third subgroup of systems are those that are not
initially measured but directly subjected to the system dynamics.
These are used to obtain Tr[�t(⇢i)⇧

(k)
f ].

In order to properly single out the e�ect of the initial state
coherence in the energy basis, and clearly separate it from
the e�ects of classical uncertainty, we split the generic initial
state as ⇢i = P +� , where P is diagonal in the energy basis
(it represents the initial energy populations) while � encodes
the coherence contributions and it is such that Tr[�] = 0.
Thus, Eq. (3) can be correspondingly split as

Tr[P⇧
(`)
i ]

⇣
Tr[�[P]⇧

(k)
f ] + Tr[�[�]⇧

(k)
f ]

⌘
⌘ p`p

P
k + p`p

�
k .

(5)
The �rst term, i.e. p`pP

k , encodes information over time on
the classical uncertainty on the initial system populations,
while the second term p`p

�
k takes into account the e�ect of

initial coherence. Thanks to the statistical independence of
the energy outcomes {E

(`)
i } and {E

(k)
f }, these two terms can

be separately analyzed. The term of the joint probability (3)
containing the information on the initial coherence can be
also experimentally determined as illustrated in Fig. 1.

Moreover, before proceeding let us also clarify the con-
nection, and subtle di�erences, with the protocol of Micadei-
Landi-Lutz (MLL) in [23] where the authors study the e�ect
of coherence on heat �uctuations. Given a general initial
state written in terms of its eigenstates, ⇢i =

P
s p(s)|sihs|,

the MLL protocol associates to it the joint probability p`,kMLL ⌘P
s p(s)Tr[|sihs|⇧(`)

i ]Tr[�tf [|sihs|]⇧
(k)
f ]. The latter reduces to

the joint probability of the TPM protocol for an initial state
diagonal in the energy basis and to the joint probability p

(`,k)
coh

of our protocol for any initial pure state. The main di�er-
ence with the operational protocol presented in this work
(see Fig. 1) consists in the fact that in the MLL protocol the

generic initial state ⇢i needs to be evaluated in initially mea-
sured in its eigenbasis and thus expressed as a function of
the set of eigenvectors {|si} diagonalizing ⇢i. Indeed, in or-
der to derive obtain p

(`,k)
MLL, the evolution of the single com-

ponents of the initial statistical ensemble has to be known.
From this perspective, our protocol requires less information
on the system dynamics, but at the cost of an extra uncer-
tainty on the statistics of �E (for further details see also the
SM).

Linear response approximation.– In this paragraph, we fo-
cus on the 1st and 2nd statistical moments of the proposed
�E probability distribution in comparison to other proto-
cols. For what concerns h�Ei, the �rst moment provided
in (4) recovers the expected di�erence of the averaged initial
and �nal Hamiltonian. This holds also for the MLL proto-
col [23], while it is true for the TPM protocol only for initially
diagonal states in the energy basis. while it is true for the
TPM only when the mixture (diagonal operator in the initial
energy basis) resulting from the �rst energy measurement is
considered as the initial state. Instead, concerning the sec-
ond moment h�E2i, which accounts for the �uctuations of
the random variable �E under the linear response approxi-
mation, from the probability distribution of (2) one can get

h�E2i = Tr[H2(ti)⇢i] + Tr[H2(tf)�tf [⇢i]] (6)
� 2 Tr[�tf [⇢i]H(tf)] Tr[⇢iH(ti)].

This result coincides, in general, with the one of the MLL
protocol only for initial pure state and with the TPM proto-
col only for an initial state corresponding to an eigenstate of
H(ti). By implementing the substitution ⇢i = P + � , one
has that in (6) the contribution of the initial state coherence
is included entirely in the second and third term

h�E2i = h�E2iP + Tr[H2(tf)�tf [�]] (7)
� 2 Tr[�tf [�]H(tf)] Tr[PH(ti)],

where h�E2iP is obtained from (6) by replacing ⇢i ! P . It
should be noted that, if the initial state ⇢i is such that P is a
projector, then h�E2iP = h�E2iTPM and all the di�erences
in the second moments are originated by coherence terms in
⇢i. The latter, indeed, are unavoidably destroyed by applying
the TPM protocol.

Characteristic function and physical meaning.– The infor-
mation about all the statistical moments of the energy change
statistics is encoded in the characteristic function G(u) of
Pcoh(�E), generally de�ned as G(u) ⌘ heiu�EiPcoh

=R
d�E eiu�EPcoh(�E), u 2 C. Being the outcomes {E

(k)
f }

of the �nal energy projective measurement statistically inde-
pendent from the initial “virtual outcomes” {E

(`)
i } at t = ti,

the characteristic function equals to

G(u) = Tr[e�iuH(ti)⇢i] Tr[eiuH(tf )�tf [⇢i]]. (8)

From Eq. (8) one can observe that the �uctuations of�E orig-
inate not only from the action of the CPTP map �[⇢] on the

FIG. 1. Illustration of our operational protocol for the quantifi-
cation of energy fluctuations and the extraction of information
about coherence. An ensemble of identical systems, all pre-
pared in the same initial state ρi, is initially divided in three (in
general hetero-dimensional) subgroups. One subgroup is used
to obtain p`i = Tr(ρiΠ

(`)
i ) via an initial energy measurement.

The second subgroup goes through a dephasing channel that
returns the diagonal state P in the energy basis. Then, P is
subject to the dynamical quantum map Φt and used to derive
pk
P = Tr(Φt[P]Π(k)

f ) (note that also the first subgroup, after the
energy measurement, can be used for such purpose). Finally,
the third subgroup of systems are those that are not initially
measured but directly subjected to the system dynamics. These
are used to obtain pk

f = Tr(Φt[ρi]Π
(k)
f ).

other protocols mentioned above. As it occurs when us-
ing the MLL protocol, our Eq. (4) recovers the expected
difference of the averaged initial and final Hamiltonian.
However, this is true for the TPM protocol only when
the initial state of the scheme is taken to be the mixture
resulting from the first energy measurement.

As for the 2nd moment 〈∆E2〉, which accounts for the
fluctuations of the random variable ∆E under the linear
response approximation, from Eq. (2) one gets

〈∆E2〉 = Tr(H2(ti)ρi) + Tr(H2(tf)Φtf [ρi])
− 2 Tr(Φtf [ρi]H(tf)) Tr(ρiH(ti)),

(7)

which coincides with what is achieved through the MLL
protocol only for initial pure states and through the TPM
protocol only if the initial state is an eigenstate of H(ti).
Eq. (7) can be cast in a form that lets the contribution of
the initial coherence emerge clearly as

〈∆E2〉 = 〈∆E2〉P + Tr(H2(tf)Φtf [χ])
− 2 Tr(Φtf [χ]H(tf)) Tr(PH(ti)),

(8)

where 〈∆E2〉P is obtained from Eq. (7) by replacing ρi →

P . It should be noted that, if the initial state ρi is such
that P is a projector, then 〈∆E2〉P = 〈∆E2〉TPM and all
the differences in the second moments are originated by
coherence terms in ρi. The latter, indeed, are unavoidably
destroyed by applying the TPM protocol.
Characteristic function and physical meaning.–The
information about the statistical moments of the distri-

bution of energy changes is encoded in the characteristic
function G(u) ≡ 〈eiu∆E〉Pcoh =

∫
d∆E eiu∆EPcoh(∆E), u ∈

C corresponding to the probability distribution Pcoh(∆E).
As the outcomes {E(k)

f } of the final energy measurement
are statistically independent from the initial virtual ones
{E(`)

i }, we have

G(u) = Tr(e−iuH(ti)ρi) Tr(eiuH(tf )Φtf [ρi]), (9)

from which we see that the fluctuations of ∆E originate
both from the action of the dynamical map Φt[ρ] on the
initial state of the system and the uncertainty in its energy
at t = ti.

Let us now show how such generating function leads
naturally to a statement highlighting the deviation of the
EPM-inferred statistics from a standard fluctuation the-
orem [6, 7]. To this goal, we consider the logarithm of
lnG(iβ), where β is a reference inverse temperature (to
be taken as a free parameter) and introduce the equilib-
rium reference states ρth

i(f) ≡ e−βH(ti(f))/Zi(f) with Zi(f) ≡

Tr(e−βH(ti(f))) the corresponding partition functions. As-
suming the initial state ρi = ρth

i +χ and a unital dynamical
map [33] we get

〈e−β(∆E−∆F)〉=d
(
Tr

(
ρth

f Φtf [ρ
th
i ]

)
+Tr

(
ρth

f Φtf [χ]
))
, (10)

where ∆F is the free energy difference (details on the
derivation of this result are reported in the appendix. The
right-hand-side of Eq. (10) deviates from unity, i.e., from
a standard fluctuation theorem, in light of two distinct
factors. The first, d Tr(ρth

f Φtf [ρ
th
i ]), is the additional un-

certainty introduced by not performing the initial energy
measurement. This extra uncertainty is present even for
χ = 0. The second term d Tr(ρth

f Φtf [χ]), quantifies the
deviation due to the initial quantum coherences alone
and thus bridges stochastic thermodynamics and genuine
quantum signatures of open system dynamics. Eq. (10)
is one of the main results of this paper.
Numerical example.– In order to illustrate the effect of
initial coherence on energy fluctuations as singled out by
our EPM protocol, we address a simple yet physically
relevant example. Let us consider a three-level quan-
tum system in interaction with three thermal reservoirs
and driven by a time-dependent Hamiltonian [cf. Fig. 2].
The open-system dynamics is described by the Lindblad
master equation

ρ̇t = −i[H + Hdrive, ρ] +

3∑
i, j=1

(
Li jρL†i j −

1
2
{L†i jLi j, ρ}

)
.

(11)
Here, Li j ≡

√
ηi j|εi〉〈ε j| is an environment-induced jump

operator acting on the system at rate ηi j (see appendix).
The free Hamiltonian of the system is H = ω3|εB〉〈εB| +

ω1|εA〉〈εA|, where {
∣∣∣εg

〉
, |εA〉 , |εB〉} are the three levels of
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T1

T2
T3

ω1

ω2
ω3

|ϵg⟩

|ϵB⟩

|ϵA⟩

FIG. 2. Pictorial illustration of a 3-level system coupled to three
thermal baths at different temperatures Tk, k = 1, 2, 3, and ex-
ternally driven by a time-dependent Hamiltonian term (in light-
grey) with ω3 = ω1 + ω2.

the system with associated energies 0, ω1 and ω3, respec-
tively. The driving term is chosen as Hdrive = (g(t)

∣∣∣εg

〉
+

f (t) |εA〉) 〈εB| + h.c., with f (t) and g(t) time-dependent
coupling rates.

This setting has been used as an archetypal quantum
autonomous thermal machines and studied in a variety
of different configurations [34–36].

When the three reservoirs have the same temperature,
and in the absence of an external driving, the system re-
laxes to the equilibrium state ρth

∞ ≡ e−βH/Tr(e−βH). In this
simple scenario, independently of the initial state, the
distribution in Eq. (2) converges in the asymptotic limit
to the one resulting from the MLL and TPM schemes.
The same is true, in general, for any dynamical map al-
lowing for a unique fixed-point. Differently – and in ac-
cordance with our general discussion – at intermediate
times the statistics from the three approaches differ even
in the absence of coherence in the initial state.

To illustrate our findings, in Fig. 3 (a) we plot the tem-
poral behavior of 1 − 〈∆E2〉P/〈∆E2〉, evaluated using
Eq. (8). This is exactly the contribution to the second
moment of ∆E originated by the initial-coherence terms
in ρi, which our protocol allows us to neatly identify.
In this specific case, we observe that the contribution of
the initial coherence can be as large as 40% of the total
value taken by the second moment of the energy fluctu-
ations. In Fig. 3 (b), we show the discrepancies between
the Shannon entropy of the EPM-based energy-change
probability distribution in the absence of initial coher-
ence and that stemming from TPM-based predictions. As
previously discussed, this difference quantifies the extra
uncertainty, with respect to the TPM scheme, due to not
performing the initial energy measurement. The inset
shows how coherences in the initial state can make the
entropy difference negative. This implies that initial co-
herence could compensate for the extra-uncertainty due
to the virtual initial measurement, thus providing a statis-
tically more informative characterisation of energy fluc-

tuations.
From these results, we deduce that the quantum coher-

ence initially present in ρi (in the system energy basis)
has an active role in the first part of the system evolu-
tion and is propagated thanks to the action of the driving
Hamiltonian. This phenomenon is well-captured by the
energy-change fluctuations quantified by the EPM pro-
tocol. In this specific example, the contribution of the
coherence is suppressed at long times. This is due to
the fact that the dynamics reaches a (time-dependent)
fixed-point, independently of the initial state. Consis-
tently with our previous discussion, in this scenario the
EPM probability distribution converges to the TPM one.
It should also be noted that, while the initial coherence
has a relevant impact on the statistics of the energy fluc-
tuations, the time behavior of 〈∆E2〉 − 〈∆E2〉P , which is
the term related to the initial coherence, is never mono-
tonic with the amount of such coherences. We show
this in Fig. 3 using the measure of quantum coherence
CL1 ≡

1
2
∑

i, j, i, j |ρi j| put forward in Ref. [37]: the curves
corresponding to initial states with maximum coherence
never maximize the difference between the results from
EPM and TPM distributions, even though they are rather
close to it.
Conclusions.– We have introduced a novel operational
protocol for the evaluation of the energy-change fluctu-
ations resulting from general open quantum-system dy-
namics. Our EPM protocol is able to suitably take into
account the presence of quantum coherence in the ini-
tial state of the system without requiring information on
the system dynamics, which casts it apart from other
schemes such as [38, 39]. Moreover, it does not need
the initial preparation of the system in an eigenstate of
its density operator, thus making it different from the
scheme put forward recently in Ref. [23].

Besides the knowledge of the initial state, our EPM
protocol solely relies on the final energy measurement.
The scheme allows to neatly single out the contribution
of the initial coherence to the energy fluctuation statis-
tics. These contributions are, in general, not negligible
and significantly impact the energy-change statistics.

The EPM approach could be more conducive of exper-
imental validation than the notoriously challenging TPM
one, and thus holds the potential to enlarge the range
of systems whose energy-change fluctuations could be
tested. For instance, it can significantly help in the case
of systems with highly degenerate energy levels, as it oc-
curs in many-body physics. For an initial state involving
only levels within such degenerate subspace and a dy-
namics that leaves the latter invariant, the TPM scheme
would return vanishing energy fluctuations. In contrast,
our EPM protocol would allow for the characterization
of the energy-change statistics resulting from the initial
coherence alone, thus showcasing its sensitivity to the
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(a) (b)

t/ω1t/ω1
FIG. 3. (a):

(
〈∆E2〉 − 〈∆E2〉P

)
/〈∆E2〉 as a function of time for the driven 3-level system with dynamics as given in Eq. (11).

(b): Shannon entropy difference between the EPM scheme and TPM one with no coherence in the energy basis. Inset: Difference
between the Shannon entropies for the full, non-diagonal, density matrices ρi. In both figures, the blue-shaded regions encompass
the values obtained by numerically evaluating the statistics of ∆E for 103 random initial states — uniformly sampled by respecting
the Haar measure of the space of 3 × 3 density operators. The red solid lines (black dash-dotted line) denote the corresponding
curves obtained by taking as initial ρi the quantum state in such sample with the lowest (highest) value of coherence according to
the measure of quantum coherence CL1 [37] (notice that consequently the red and black dash-dotted line lines are not plotted in the
main right figure). The parameters used in the simulations are ωk = kω1, γ = 0.1ω1, β1 = 3, β2 = 1, β3 = 2, g(t) = 1.5 sin2(t) and
f (t) = 1.5[1 − sin2(2t)] [with ω1 = ~ = kB = 1].

coherence features of quantum systems.
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APPENDIX

CLASSICAL UNCERTAINTY ON THE INITIAL STATE

The operational protocol that we are introducing in this paper does not reproduce the same results of the two-point
measurement (TPM) scheme even in the absence of coherence in the initial state ρi. There is indeed a discrepancy
originating from a classical uncertainty on even diagonal (in the initial energy basis) ρi that is retained in our scheme.
Despite this aspect is in agreement with the theses of the no-go theorem [31] as explained in the main text, it is worth
understanding it in more detail. In this regard, let us now substitute the density operator % ≡

∑
r p(r)

i ρ
(r)
i =

∑
r p(r)

i Π
(s)
i

(mixed quantum state diagonal in the energy basis of the system at ti, i.e., [%,H(ti)] = 0) as input quantum state ρi in
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Eq. (2) of the main text. One finds that

Pcoh(∆E) =
∑
k,`

p(`)
i p(k)

f δ(∆E − ∆Ek,`) =
∑
k,`

Tr(Π(`)
i ρi)Tr(Π(k)

f Φtf [ρi])δ(∆E − ∆Ek,`)

=
∑

k,`,r1,r2

p(r1)
i p(r2)

i Tr(Π(`)
i Π

(r1)
i )Tr(Π(k)

f Φtf [Π
(r2)
i ])δ(∆E − ∆Ek,`)

=
∑

k,r1,r2

p(r1)
i p(r2)

i Tr(Π(k)
f Φtf [Π

(r2)
i ])δ(∆E − ∆Ek,r1 ) =

∑
k,r1,r2

p(r1)
i p(k,r2)

f,i δ(∆E − ∆Ek,r1 ) , (S1)

where we have used the relations Tr(Π(`)
i Π

(r1)
i ) = δ(` − r1) and p(k,r2)

f,i ≡ p(r2)
i Tr(Π(k)

f Φtf [Π
(r2)
i ]) = p(r2)

i p(k,r2)
f|i with p(k,r2)

f,i
joint probabilities.

From Eq. (S1) one can deduce that Pcoh(∆E) = PTPM(∆E) if and only if the initial state is chosen as one of the
eigenstates of the initial Hamiltonian, such that ∆Ek,r1 = ∆Ek,r2 . Indeed, in such a case

Pcoh(∆E) =
∑

r1

p(r1)
i

∑
k,r2

p(k,r2)
f,i δ(∆E − ∆Ek,r2 ) =

∑
r1

p(r1)
i PTPM(∆E) = PTPM(∆E) . (S2)

It is then clear that an initial uncertainty on which eigenstate of the Hamiltonian needs to be propagated, due to the fact
that in our protocol the initial measurement is virtual, determines an additional uncertainty on the energy statistics,
which is reflected in the discrepancy between the two methods. The latter is here provided by the arbitrariness of the
possible inequality ∆Ek,r1 , ∆Ek,r2 .

RECOVERING THE TPM STATISTICS

As stated before, the energy change probability distribution Pcoh does not reduce to the one from the TPM scheme
unless the initial state of both protocol is an energy eigenstate. Considering again an initial state diagonal in the energy
eigenbasis, it is easy to see from that, in order to find the same statistics of ∆E as given by a TPM protocol, Eq. (2)
has to be used as many times as the number of probabilities p(r)

i defining the initial density operator %, initializing each
time the quantum system in one of the projectors Π

(r)
i . In doing this, the corresponding probability distribution of ∆E

turns out to be

Pcoh(∆E) =
∑

r

p(r)
i

∑
k,`

δ(∆E − ∆Ek,`)δ(` − r)Tr(Φtf [Π
(r)
i ]Π(k)

f )

=
∑
k,r

δ(∆E − ∆Ek,r)p(k,r)
f|i p(r)

i ≡ PTPM(∆E) (S3)

where p(k,r)
f|i ≡ Tr(Φtf [Π

(r)
i ]Π(k)

f ) is the transition probability to measure the final energy E(k)
f conditioned to have ob-

tained E(r)
i at t = ti. Only in this way, the proposed formalism falls into the category of FT protocols [18], so that we

can recover the conventional statistics of energy change as provided by the TPM scheme. This result is not surprising,
since we are now analyzing a situation in which a possible first energy measurement at t = ti would not introduce
any disturbance to the evolution of the system. As a further remark, also notice that with this approach the notion of
quasi-probabilities is not directly used [9, 24].

ANALYSIS OF THE 1ST AND 2ND ENERGY STATISTICAL MOMENTS

In this section, we provide the analytical expressions of the 1st and 2nd statistical moments of the proposed energy
change distribution in comparison with the ones obtained by the TPM protocol and the Micadei-Landi-Lutz (MLL)
protocol [23]. In doing this, we recall that the initial state ρi is expressed in Ref. [23] in terms of its eigenstates
with notation

∑
s p(s)|s〉〈s|, which is the same that we will use in the following. We list below all the formulas of the

joint probability p(E(`)
i , E(k)

f ) and the 1st and 2nd statistical moments of ∆E that one can obtain from the three methods.
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EPM protocol proposed in the present paper:

p(E(`)
i , E(k)

f ) = Tr(ρiΠ
(`)
i ) Tr(Φtf [ρi]Π

(k)
f ) (S4)

〈∆E〉 = Tr(H(tf)Φtf [ρi]) − Tr(H(ti)ρi) (S5)
〈∆E2〉 = Tr(H2(ti)ρi) + Tr(H2(tf)Φtf [ρi]) − 2 Tr(Φtf [ρi]H(tf)) Tr(ρiH(ti)) . (S6)

Micadei-Landi-Lutz protocol:

p(E(`)
i , E(k)

f ) =
∑

s

p(s)Tr(|s〉〈s|Π(`)
i ) Tr(Φtf [|s〉〈s|]Π

(k)
f ) (S7)

〈∆E〉 = Tr(H(tf)Φtf [ρi]) − Tr(H(ti)ρi) (S8)

〈∆E2〉 = Tr(H2(ti)ρi) + Tr(H2(tf)Φtf [ρi]) − 2
∑

s

p(s)Tr(Φtf [|s〉〈s|]H(tf)) Tr(|s〉〈s|H(ti)) . (S9)

TPM protocol:

p(E(`)
i , E(k)

f ) = Tr(ρiΠ
(`)
i ) Tr(Φtf [Π

(`)
i ]Π(k)

f ) (S10)

〈∆E〉 = Tr

H(tf)Φtf

∑
`

Tr(ρiΠ
(`)
i )Π(`)

i

 − Tr(H(ti)ρi) (S11)

〈∆E2〉 = Tr(H2(ti)ρi) + Tr

H2(tf)Φtf

∑
`

Tr(ρiΠ
(`)
i )Π(`)

i

 − 2
∑
`

E(`)
i Tr(H(tf)Φtf [Π

(`)
i ]) Tr(ρiΠ

(`)
i ) . (S12)

Within the TPM protocol, an initial measurement of the system Hamiltonian at t = ti and a final one at t = tf on the
conditional evolved states are performed. In order to get the corresponding conditional probability, the system has to
be separately initialized in each eigenstate of H(ti), respectively.

Concerning the MLL protocol, for the sake of experimentally characterise the energy change probability distribu-
tion, one needs to initialize the system in the eigenstates of the initial state ρi. This operation could be equivalently
carried on by performing an initial measurement of the observable O ≡ ∑

s os|s〉〈s|, in general not commuting with
H(ti). Indeed, according to the MLL protocol, the final energy measurement is performed on the evolved eigenstate
(|s〉〈s|) of the initial state and the results are then weighted with the probabilities {p(s)}.

Finally, in our EPM protocol, the initial state ρi is arbitrary and the final energy measurement is performed on
the evolved initial state without any need to initialize the system in a different state. The energy change probabil-
ity distribution is obtained by weighting these final probabilities with the ones concerning the initial virtual energy
measurement, which are accessible from the knowledge of the initial state.

One can observe that the average energy change 〈∆E〉 provided by our protocol and the MLL protocol are the same,
differently to the one from the TPM protocol for which the mean final energy measured at t = tf does not contain any
contributions from initial coherence terms in ρi. Furthermore, regarding the 2nd moment 〈∆E2〉, the three protocols
differ again for the way in which the initial energy outcomes (eigenvalues of H(ti)) are taken into account in relation
to ρi. Only our (operational) method makes no assumptions about ρi, since we completely remove the need to perform
any initial projective measurement. However, in general, if the initial state ρi is pure, the second moments (S6) and
(S9) coincide, while, as shown above in Section II, (S6) coincides with the second moment obtained by applying the
TPM protocol for an initial state corresponding to an eigenstate of H(ti).

It is also interesting to note that the probability distribution from our protocol corresponds to the product of the
marginals of the MLL-protocol probability distribution [40]. In particular, the (informational) price that we have to
pay due to not performing any initial measurement, with respect to the MLL protocol that requires a greater knowledge
of the state and dynamics, can be quantified by the mutual information between the two probability distributions, i.e.,

I(PMLL,Pcoh) =
∑
k,`

p(k,`)
MLL log

(
p(k,`)

MLL/p(k,`)
coh

)
. (S13)

I(PMLL,Pcoh) encodes the cost of our assumption of the statistical independence between the final energy measurement
and the initial virtual one with respect to the MLL scheme.

Let us summarize what we have discussed so far concerning the connection of the proposed protocol with the
TPM and MLL schemes:
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• For an initial state ρi diagonal in the energy eigenbasis, the MLL and TPM protocols provide the same joint
probability p(E(`)

i , E(k)
f ), while our protocol differ from them.

• For an initial pure state, not necessarily an eigenstate of the initial Hamiltonian, the joint probabilities from our
method and the MLL protocol coincide.

• In the special case of initial pure energy eigenstate, all three protocols give the same result.

A first element of difference between our protocol and the TPM and MLL ones is given by a classical uncertainty on
the initial state ρi. This is due to the fact that we are assuming to not know the single pure components that decompose
the initial state ρi, or at least the effect of the dynamics on them separately. Operationally, both the TPM (explicitly)
and the MLL (implicitly) need to assume the knowledge about the evolution of the pure components of the system
initial state (either in the energy eigenbasis or in its eigenbasis), which are then evolved and give rise to conditional
probabilities. The proposed protocol does not assume this knowledge and it is thus nicely amenable for experimental
implementations with minimal resources.

ENERGY CHANGE CHARACTERISTIC FUNCTION

Here, we provide the mathematical details for the derivation of the characteristic function associated to the energy
change distribution both from the proposed method and the MLL and TPM protocols. The characteristic function from
the three methods are respectively equal to

G(u) = Tr(e−iuH(ti)ρi) Tr(eiuH(tf )Φtf [ρi]) (S14)

GMLL(u) =
∑

s

p(s)Tr
(
|s〉〈s|e−iuH(ti)

)
Tr

(
Φtf [|s〉〈s|]e

iuH(tf )
)

(S15)

GTPM(u) = Tr(eiuH(tf )Φtf [e
−iuH(ti)ρi]) (S16)

with u ∈ C complex number. Also at the level of the characteristic function of the energy change distribution, we can
single out coherence contributions. In particular, by taking ρi = P + χ in (S14), one has

G(u) = Tr(e−iuH(ti)ρi) Tr(eiuH(tf )Φtf [ρi])

= Tr(e−iuH(ti)P) Tr(eiuH(tf )Φtf [P]) + Tr(e−iuH(ti)P) Tr(eiuH(tf )Φtf [χ])
≡ GP (u) + Gχ(u), (S17)

where GP (u) ≡ Tr(e−iuH(ti)P) Tr(eiuH(tf )Φtf [P]) and Gχ(u) ≡ Tr(e−iuH(ti)P) Tr(eiuH(tf )Φtf [χ]). As a result, Gχ = 0
when χ = 0 and GP = GTPM as far as P is a projector associated to a system energy eigenspace. Now, given the
expressions of G and GTPM, we derive their logarithm. In this way, as explained in the main text, we are able to provide
some physical interpretations of our findings. In doing this, let us introduce the inverse temperature β taken as a free
reference parameter and the two thermal (reference) states

ρth
i(f) ≡

e−βH(ti(f))

Zi(f)
(S18)

referring, respectively, to the initial and final time instants of the protocols. In Eq. (S18), Zi(f) ≡ Tr(e−βH(ti(f))), such that
the free-energy difference ∆F in the time interval [ti, tf] is equal, as usual, to

∆F = −β−1 ln
(

Zf

Zi

)
. (S19)

The logarithms of G and GTPM, computed at u = iβ, are provided by the following relations

lnG(iβ) = ln Tr(eβH(ti)ρi) + ln{ZfTr(ρth
f Φtf [ρi])} = ln Zf + ln{Z−1

i Tr(Zi eβH(ti)ρi)} + ln Tr(ρth
f Φtf [ρi])

= −β∆F + ln Tr((ρth
i )−1ρi) + ln Tr(ρth

f Φtf [ρi]), (S20)
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and

lnGTPM(iβ) = ln Tr(e−βH(tf )Φtf [e
βH(ti)ρi]) = ln

{
Zf

Zi
Tr(ρth

f Φtf [(ρ
th
i )−1ρi])

}
= −β∆F + ln{Tr((ρth

i )−1ρi) Tr(ρth
f Φtf [ρ̃i])} = −β∆F + ln Tr((ρth

i )−1ρi) + ln Tr(ρth
f Φtf [ρ̃i]) , (S21)

where ρ̃i is defined as

ρ̃i ≡
(ρth

i )−1ρi

Tr((ρth
i )−1ρi)

. (S22)

This immediately leads to

G(iβ)
GTPM(iβ)

=
Tr

(
ρth

f Φtf [ρi]
)

Tr
(
ρth

f Φtf [ρ̃i]
) , (S23)

so that, when ρi = ρth
i + χ, one gets

G(iβ)
GTPM(iβ)

= d
Tr

(
ρth

f Φtf [ρ
th
i ]

)
+ Tr

(
ρth

f Φtf [χ]
)

Tr
(
ρth

f Φtf [I]
) , (S24)

with d dimension of the Hilbert space associated to the quantum system. The reader can find the discussion about the
physical interpretation of Eqs. (S23) and (S24) in the main text.

THREE-LEVEL DRIVEN SYSTEM IN CONTACT WITH THERMAL RESERVOIRS AND COMPARISON BETWEEN
EPM AND MLL SCHEMES

In this section we summarize the details of the three-level quantum system in contact with three thermal reservoirs
and externally driven, addresed in the main text. The Hamiltonian of the three-level system is written as

H = ω3|εB〉〈εB| + ω1|εA〉〈εA| , (S25)

with its eigensystem {
∣∣∣εg

〉
, |εA〉 , |εB〉 ; 0, ω1, ω3}. The external driving term is represented by the following time-

dependent Hamiltonian term

Hdrive(t) = g(t)(|εg〉〈εB| + h.c.) + f(t)(|εA〉〈εB| + h.c.). (S26)

driving transitions between the the second excited state and both the ground and first-excited states. The interaction
with the three thermal reservoirs renders the dynamics of the system open and described to a good approximation via
the Markovian master equation

ρ̇ = −i[H + Hdrive(t), ρ(t)] +
∑
i, j

Li jρL†i j −
1
2
{L†i jLi j, ρ} , (S27)

where Li j ≡
√
ηi j|εi〉〈ε j| and η ji are transition rate. In particular

ηgA = γ(nth
1 + 1), ηAg = γnth

1 ,

ηAB = γ(nth
2 + 1), ηBA = γnth

2 ,

ηgB = γ(nth
3 + 1), ηBg = γnth

3 ,

(S28)

where nth
r = (eβrωr + 1)−1 and ω3 = ω2 + ω1.

It is easy to see that, choosing βr = β ∀r (i.e., there is only one temperature for the environment) and in the absence
of external driving, the thermal state ρth = e−βH/Z is a fixed point of the open dynamics. The dynamics of the open
quantum system without the external driving and with possibly different temperatures, describes processes involving
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FIG. S1. Difference between the second moment of the MLL probability distribution and the one from the EPM protocol for 100
randomly sampled initial states. The shaded area comprises all the differences, as a function of time, for each initial state. It can
be easily seen that only seldom the second moment of the MLL scheme results bigger than the one of our scheme. It should be
noted that, asymptotically the difference vanishes. The inset shows that the coherence contribution to the second moment of our
distribution (〈∆E2〉χ, obtained from the taking the difference between the left hand side of Eq.(8) and the first term on its right hand
side) is, in this case, negligible throughout the dynamics. The black dashed curve is one instance for a randomly picked initial state
(colors online).

only heat exchanges which are the main focus of Ref. [23]. We consider here this case in order to highlight some of the
differences between our protocol and the TPM and MLL schemes. We refer to the main text for the results obtained
by the numerical analysis of the case in which also the driving term Eq. (S26) is included.

In Fig. S1, we show the difference between the second moments of the MLL and the present EPM protocol proba-
bility distributions, as a function of time and for 100 randomly chosen initial state. The inset shows that the coherence
contribution is negligible. It is easy to see that, for the vast majority of cases, the second moment from our protocol is
greater than the one of the MLL scheme. When this happens, we can already conclude that, in our protocol, we need
to pay the freedom deriving from not performing any initial measurements with an increase in the uncertainty of the
probability distribution. In the few cases, and instants of time, in which the hierarchy of the second moments is re-
versed, we need to resort to a more refined notion of uncertainty. We do so in Fig. S2, where it is shown the difference
between the Shannon entropy H of our protocol probability distribution with the one of the MLL and TPM schemes,
for the same random sampling of 100 initial states as before. We see that the Shannon entropy of our protocol is always
greater than the one of the other schemes, which proves the increase of uncertainty due to the initial virtual measure-
ment. While this result is expected for the comparison between the EPM and MLL schemes, as discussed before, the
comparison with the TPM scheme is consistent with the fact that the effect of the initial coherence is negligible in this
case. We refer to the numerical section in the main text for a more general case (see Fig. 3 (b) ). Finally, it should
be noted that both the differences of second moments and Shannon entropies vanish at long times, consistently with
the fact that the system reaches asymptotically a (non-equilibrium) steady-state, where all the probability distributions
introduced before coincide.
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