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Abstract. We develop a method for computing the evolution of a Klein-Gordon

field in a globally hyperbolic spacetime. The method is both of general applicability

and particularly useful in certain problems of interest, such as the study of confined

quantum fields under small perturbations. Instead of solving the Klein-Gordon

equation, we define and formally compute Bogoliubov transformations between

spacelike hypersurfaces at different times, which contain themselves the evolution of

the field. The method can be applied to classical and quantum fields, both real and

complex, although for the most interesting case of quantum fields some discussion

on the physical interpretation and unitarily equivalence of quantizations at different

regions is required, which we approach on the ground of physical arguments. In the case

of fields confined inside cavities, the method allows to easily make quantitative precise

predictions on their behaviour under small perturbations of the background geometry

and/or the boundary conditions. Therefore, the method provides a crucial tool in the

recently growing research area of confined quantum fields in table-top experiments.

We also prove its utility in addressing other problems, such as particle creation in a

cosmological expansion, thus giving an example of its more general applicability. This

article is the first of two articles introducing the method, dedicated to the particular

case of spacetimes with static boundaries. A second article will handle the more general

case of moving boundaries.

PACS numbers: 02.90.+p, 03.65.Pm, 03.70.+k, 04.30.Nk, 04.62.+v

Submitted to: Class. Quantum Grav.

Keywords : Quantum Field Theory in Curved Spacetime, confined quantum fields,

cosmological particle creation, gravitational wave detectors

ar
X

iv
:1

81
1.

10
50

7v
2 

 [
qu

an
t-

ph
] 

 4
 J

un
 2

01
9



Evolution of a scalar field in curved spacetime (I) 2

1. Introduction

Quantum field theory in curved spacetime is the theory that studies the evolution

of quantum fields which propagate in a classical general relativistic background

geometry. To this date, the theory has been able to yield many quantitative theoretical

predictions for physically relevant problems within its scope, such as cosmological

particle creation [1, 2], the Unruh effect [3] or Hawking radiation [4]. The success

in the study of those concrete well-known problems can be related to the use of

different mathematical techniques and simplifications, adapted to the specific problem

and which yield the computations tractable. For instance, in the study of phenomena

such as Hawking radiation or the Unruh effect, the presence of horizons (or “would-

be horizons” [5, 6]) allows to simplify the computations necessary to obtain the result

of a thermal spectrum for the quantum field. Also, the presence of symmetries like

homogeneity or isotropy is convenient to obtain quantitative results on particle creation

in cosmological models.

In the recent years, the interest to verify the theory experimentally has increased

significantly [7–13]. Thus far, an analogous of Hawking radiation in Bose-Einstein

condensates has already been experimentally demonstrated [14] (although the result

is not free of controversy, see for example [15]). In particular, and due to the great

improvement of the precision of quantum measurements in table-top experiments, it is

expected that the theoretical predictions on quantum fields confined in cavities, and

under the effect of small changes in the background geometry or the non-inertial motion

of the cavity, will be tested experimentally in the near future [16–19]. Consequently,

new open problems within the framework of the theory are arising, related to the new

concrete systems under study, and therefore new adapted mathematical techniques will

be necessary to approach them.

In this work, we introduce a general method for computing the evolution of a scalar

field in a region of a spacetime. As it will be clearly shown along the article, the method

proves to be specially useful to address the new kind of problems that we just mentioned

related to quantum fields confined in cavities and undergoing small perturbations, since

it provides a very simple recipe for computing the resonance spectrum and sensibility of

the field to a given perturbation of the background metric or the boundary conditions.

However, we wish to emphasise that the method can be applied to any scalar field, both

classical or quantum and real or complex, evolving as a result of any kind of regular

changes in the background metric and/or the boundary conditions, just under reasonable

assumptions. This generality will also be illustrated through a concrete example of an

application of the method outside the scope of small perturbations (in cosmological

particle creation) that will be considered in the article.

The core idea of the method is to foliate the spacetime in spacelike hypersurfaces

using a time coordinate, construct a basis of modes naturally associated to each

hypersurface, and then compute the Bogoliubov transformation between the modes

associated to two hypersurfaces at different times. This way, the evolution of the field
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in time is not obtained by solving the Klein-Gordon equation, but rather by solving

a differential equation for this time-dependent Bogoliubov transformation, which we

derive from the original Klein-Gordon equation. This central idea of its construction

has been developed as a generalization of a mathematical technique introduced in [20].

That previous technique has already proven to be of special practical use in the study

of quantum fields confined in cavities in the limit of small perturbations. However, as

presented in [20] the technique has the strong limitation of being applicable only when

the background metric is Minkowski spacetime. Therefore, the influence in the evolution

of the field should come only from the changes in the boundaries of the cavity (the

motion of the cavity). Nevertheless, the method has been applied to other background

spacetimes [17, 21–24], but provided that the metric was conformally symmetric to

Minkowski and that the scalar field was invariant under conformal transformations.

This way, the problem could still be assimilated to one in Minkowski spacetime with

moving boundaries. Yet, with these restrictions the scope of the method is notoriously

reduced. The method presented in this work overcomes those limitations up to the point

of being of full generality (under reasonable assumptions).

The physical interpretation of the Bogoliubov transformation connecting two

hypersurfaces at different times will depend on the nature of the field. For classical

fields, it will provide the time evolution of the field by relating the amplitudes of

the mode decompositions of a given solution in the bases of modes associated to each

hypersurface. For quantum fields, which are the case of greater relevance, one would

expect the physical interpretation of the Bogoliubov coefficients to be the usual one of

mode-mixing and particle creation, but unfortunately this interpretation is only valid

under certain circumstances. This is due to the known problems, arising in quantum

field theory in curved spacetime, on the existence of a physically meaningful notion of

particles and the unitary equivalence of the different quantizations [25]. Taking into

account these problems, with our method we do not intend to quantize the field with a

Fock representation (that is, in terms of particle content) at all times during its evolution.

The construction of the modes at each time, in the case of a quantum field, will be

just an intermediate mathematical tool used to compute a time-dependent Bogoliubov

transformation. However, we pretend such Bogoliubov transformation to have the

usual physical interpretation in terms of effects on quantum particles (mode-mixing and

particle creation) only when it relates regions of spacetime where the Fock quantization

has a valid physical interpretation in terms of particles due to the presence of a

timelike Killing field. Notice that this way of proceeding makes the method completely

different to the Hamiltonian diagonalization approach introduced for the problem of

cosmological particle creation [26, 27]. In such approach, the construction of bases of

modes associated to each time is used to diagonalize the Hamiltonian of the quantum

field by a time-dependent Bogoliubov transformation in the Fock representation, such

that the Hamiltonian is diagonal in terms of particle operators at every moment; and

then this diagonalized Hamiltonian is used to compute the evolution of a state in time

directly in the Fock representation. Therefore, contrary to our method, this approach
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introduces a different notion of particles at each instant of time. Problems with this

approach appear because the Fock representations for different times can be unitarily

inequivalent [25,28,29]; that is, because the particle interpretation in this framework is

in general wrong. For the method introduced in this article, we will show that the Fock

representations that we consider are unitary equivalent and physically meaningful.

Following the above discussion, we take the opportunity to further clarify what

the method that we present is not. We do not aim to solve the problem of giving

an unambiguous quantization and the time evolution in a given representation of a

scalar field in any spacetime. Many attempts have dealt with this problem (see for

example [30–34]), while none of them have achieved full success. The goal of the

method we introduce is, from this fundamental point of view, more modest. The

time-dependent Bogoliubov transformations that we propose can be computed for any

spacetime region (under very reasonable assumptions), and in this sense the method is

of general applicability. For the quantization of the field we simply rely on canonical

Fock quantization in the regions where it is clearly physically meaningful, in particular

due to the existence of a timelike Killing field. In other words, the method is of general

practical applicability to compute the scattering matrix between two physically valid

Fock representations of the field, and it is indeed an extremely powerful tool for such

purpose; while, on the other hand, the fundamental problem of finding a fully consistent

field quantization in a general spacetime lies beyond its scope.

When the time-dependent Bogoliubov transformation computed between two

regions can be considered as a physical Bogoliubov transformation, it contains all the

information necessary to describe the evolution of the field between those two regions.

This fact is trivial in the case of classical fields; while for quantum fields, computing the

scattering matrix out of the Bogoliubov coefficients is not always as easy. In particular,

when one considers only Gaussian states computing their evolution under a Bogoliubov

transformation is remarkably simplified through the covariance matrix formalism [35,36].

For more general initial states, in order to compute their evolution one would need

to relate the Bogoliubov transformation with the scattering amplitudes between the

states of the two different Fock quantizations [25, 37, 38]. In any case, the Bogoliubov

transformation always contains all the information about the evolution of the field.

This article constitutes the first part in the development of the method. It

corresponds to the case where the boundary of the region of spacetime in which the field

is defined remains static in the coordinates used for computing the evolution. On a first

sight, this requirement might not seem a limitation, since given a moving boundary in

some coordinates one can always consider a coordinate transformation such that, in the

new coordinate system, the boundary remains static. However, the method also imposes

other conditions on the coordinate frame in which the problem should be described. In

general, that new coordinate frame will not satisfy these conditions, and therefore the

method for static boundaries could not be applied. For this reason, the method requires

an specific treatment of the cases with moving boundary. Due to the extension of this

treatment, we leave it for a second forthcoming article.
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The article is organized as follows. In Section 2 we state the general physical

problem for which we will construct the method, introducing the background metric

and the field theory. The nuclear part of the article is Section 3. In this section

we construct the basis of modes associated to each hypersurface of the foliation of

the spacetime, and formally compute the time-dependent Bogoliubov transformation

between the modes of two different hypersurfaces, for which we find a differential

equation and a formal solution. We also discuss the physical meaning of both the modes

and the transformations. In Section 4 we consider the particularly important case of

small perturbations and resonances, obtaining a specially simple recipe for its solution.

As an example of application, we consider the problem of a confined quantum field in the

presence of a gravitational wave. In Section 5 we provide an example of the application

of the method to cosmological particle creation. Finally, in Section 6 we present the

summary and conclusions. In addition, in Appendix A we prove that the bases of

solutions to the Klein-Gordon equation on which we build our method are complete and

orthonormal, as necessary. In Appendix B we prove that the Bogoliubov transformations

constructed in Section 3 satisfy the Bogoliubov identities. In Appendix C we further

support and extend the results obtained on small perturbations. In Appendix D we

provide for convenience a summary of the useful formulae for the application of the

method in the solution of concrete problems.

2. Statement of the problem

We consider a globally hyperbolic spacetime M of dimension N + 1 with timelike

boundary. In this spacetime it should be possible to use a set of coordinates (t, ~x)

such that the metric has the following form:

ds2 = −dt2 + hij(t, ~x)dxidxj, (1)

where hij(t, ~x) is a regular Riemannian metric (we use natural units ~ = c = 1). For

moving to such coordinate system, one should use the N + 1 arbitrary functions of

a coordinate transformation to impose the conditions gtt = −1 and gti = 0. Global

hyperbolicity guarantees that this is possible in the whole spacetime M . We consider

the foliation of the full spacetime M in hypersurfaces Dt̃ of constant t = t̃, which spatial

metric will be hij(t̃, ~x). These spacelike hypersurfaces must be compact.

In this first article, we also impose that the boundary of M is static; that is, it is

generated by integral trajectories of the vector field ∂t. As we briefly advanced, if the

boundary is not static, one could in principle try to change into a new coordinate system

in which the boundary remains static. However, in general, in this new coordinate

system the metric may not look like (1) and the integration method will not apply.

Therefore, in order for the method to manage these cases, an specific treatment for

moving boundaries is required—which will be presented in a second article—.

We introduce now the Klein-Gordon scalar field Φ satisfying the equation

gµν∇µ∇νΦ−m2Φ− ξRΦ = 0, (2)
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where m ≥ 0 is the rest mass of the field, gµν is the spacetime metric in (1), R its scalar

curvature and ξ ∈ R is a coupling constant. For the concrete case of the metric in (1),

this equation can be rewritten as

− ∂2
t Φ +

[
∇2
h(t) − ξRh(t)−m2

]
Φ− q(t)∂tΦ− ξR̄(t)Φ = 0; (3)

where ∇2
h(t) is the Laplace operator corresponding to the spatial metric‡ hij(t), Rh(t) is

the scalar curvature corresponding to that spatial metric, R̄(t) := R(t) − Rh(t) is the

part of the full scalar curvature which depends on time derivatives, given by

R̄(t) = 2∂2
t log

√
h(t) +

[
∂t log

√
h(t)

]2

− 1

4
[∂th

ij(t)][∂thij(t)], (4)

with h(t) being the determinant of the metric; and finally

q(t) := ∂t log
√
h(t) (5)

is a factor which depends on the change of the metric of the spacelike hypersurfaces

with time.

The Klein-Gordon inner product between two modes of the field is

〈Φ′,Φ〉 = −i

∫
Dt̃

dVt̃
[
Φ′(t̃) ∂tΦ(t)∗|t=t̃ − Φ(t̃)∗ ∂tΦ

′(t)|t=t̃
]
, (6)

which, for convenience, we already evaluated at a generic hypersurface Dt̃, with dVt̃ :=√
h(t̃)

∏
i dx

i being its volume element.

Finally, we impose boundary conditions so that the inner product is independent

of t̃. Notice that considering compact spacelike hypersurfaces and imposing boundary

conditions does not necessarily restrict the method to confined fields, since it is

customary to study unconfined fields by first considering some boundary conditions

and then taking the limit where the boundaries are at the spatial infinity [2, 25]. We

consider one of the following four possibilities for the boundary conditions:

a) Dirichlet vanishing boundary conditions

Φ(t, ~x) = 0, (t, ~x) ∈ ∂M. (7)

b) Neumann vanishing boundary conditions

nµ∇µΦ(t, ~x) = 0, (t, ~x) ∈ ∂M ; (8)

where nµ(t, ~x) is the normal vector to ∂M ; or, written in a non-explicitly covariant form

~n · ∇h(t)Φ(t, ~x) = 0, (t, ~x) ∈ ∂M ; (9)

where ~n(t, ~x) is the normal vector to ∂Dt, and where we have taken into account that

the boundary remains static.

‡ For simplicity in the notation, from here on we will omit the dependence of hij in the spatial

coordinates, but we are considering the most general case in which this metric can have any (regular)

dependence in the coordinates. We will not write the explicit dependence in the spatial coordinates for

other quantities either, except when necessary.
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c) Periodic boundary conditions That is, effectively considering the topology of a N -

torus for the spatial dimensions. Each spacelike hypersurface Dt is an hyperrectangle:

Dt = {~x ∈ RN | xiL ≤ xi ≤ xiR, i = 1, . . . , N}, (10)

where xiL and xiR are the coordinates of the boundaries in the i-th direction; and the

periodic boundary conditions are given for the value of the field and its first derivative

at the boundaries:

Φ(t, x1, . . . , xiL, . . . , x
N) = Φ(t, x1, . . . , xiR, . . . , x

N),

∇h(t)Φ(t, x1, . . . , xiL, . . . , x
N) = ∇h(t)Φ(t, x1, . . . , xiR, . . . , x

N); i = 1, . . . , N. (11)

To be consistent with the idea of working on a torus, the metric must be also periodic:

hij(t, x
1, . . . , xkL, . . . , x

N) = hij(t, x
1, . . . , xkR, . . . , x

N), k = 1, . . . , N. (12)

d) Combined boundary conditions Although we will not consider them explicitly, it will

be clear that the method can also be trivially extended to problems in which different

boundary conditions out of the previous three cases apply to different regions of the

boundary, such as problems with Robin boundary conditions (combination of Dirichlet

and Neumann), or even combinations involving periodic boundary conditions.

3. Construction of the method

3.1. Construction of the bases of modes

For each spacelike hypersurface Dt̃ we will construct a set of modes {Φ[t̃]
n (t)} fulfilling

the following two conditions:

I. They will form, together with their complex conjugates {Φ[t̃]
n (t)∗}, a complete

orthonormal basis of the space of solutions to the Klein-Gordon equation (2) with

respect to the inner product (6). We stress that each mode of the basis is defined

in the whole spacetime, the label [t̃] meaning only that we associate it to the

corresponding hypersurface. Specifically, it is in this hypersurface that we will set

its initial conditions.

II. In the regions where ∂t behaves like a Killing field around the hypersurface Dt̃ [that

is, hij(t) remains constant for a long enough period around t = t̃], the modes will

be those with positive frequency with respect to t in that region (the corresponding

complex conjugates will be those with negative frequency). When this is not the

case, the way we choose the modes can be thought just as an unambiguous recipe to

associate an orthonormal basis of solutions to each hypersurface, even if no notion

of positive frequency modes exists.

If we impose that the modes are solutions to the Klein-Gordon equation, the only

quantities left to fully determine them are the initial conditions; which, as mentioned
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before, we are going to fix at the hypersurface Dt̃. That is, we need to fix the

quantities Φ
[t̃]
n (t̃) and ∂tΦ

[t̃]
n (t)|t=t̃ for each mode. The evaluation of the modes at t = t̃

is going to be given by the eigenvectors solution to the eigenvalue equation[
−∇2

h(t̃) + ξRh(t̃) +m2
]

Φ[t̃]
n (t̃) = (ω[t̃]

n )2Φ[t̃]
n (t̃), (13)

posed in the Hilbert space of spatial functions in L2(Dt̃) with the corresponding

boundary conditions:

Φ[t̃]
n (t̃, ~x) = 0, ~x ∈ ∂Dt̃ (Dirichlet); (14)

~n · ∇h(t̃)Φ
[t̃]
n (t̃, ~x) = 0, ~x ∈ ∂Dt̃ (Neumann); (15)

or periodic boundary conditions in (11), written for Φ
[t̃]
n (t̃, ~x).

At this point, we introduce the last assumption that we need to impose for the

method to apply; namely, that the operator in equation (13) must be positive definite,

so that ω
[t̃]
n := +

√
(ω

[t̃]
n )2 ∈ R+. We shall notice that this is always the case for minimal

coupling (ξ = 0) and either non-zero rest mass and/or Dirichlet vanishing boundary

conditions. For minimal coupling with zero rest mass and Neumann vanishing or

periodic boundary conditions, the operator is only positive semidefinite. However, if

the operator is only positive semidefinite, one can always add a small rest mass ∆m and

take the limit ∆m→ 0 after solving the problem. Therefore, real restrictions to the use

of the method may appear only in the case of a non-minimal coupling.

We also impose the following orthogonality and normalization condition to the

solutions of (13): ∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃)∗ =
δnm

2ω
[t̃]
n

. (16)

Finally, the first time derivative of the modes evaluated at t = t̃ will be given by

∂tΦ
[t̃]
n (t)

∣∣∣
t=t̃

= −iω[t̃]
n Φ[t̃]

n (t̃). (17)

Equations (13-17) fully determine the initial conditions, and therefore their time

evolution determines the modes {Φ[t̃]
n , (Φ

[t̃]
n )∗}. In Appendix A, we prove that this set of

modes constitutes a complete orthonormal basis [in the Klein-Gordon inner product (6)]

of the space of solutions to the Klein-Gordon equation.

We have then fulfilled condition I for the modes. Let us consider now condition II.

One can easily realize that, when ∂t behaves like a Killing field in some spacetime

region S around Dt̃, then q(t) = R̄(t) = 0 in S, and because of the time symmetry

the eigenvalue problem (13) will have the same solutions for all the hypersurfaces Dt

within S. Taking into account these facts, it is easy to check that the modes of the form

Φ[t̃]
n (t) = Φ[t̃]

n (t̃)e−iω
[t̃]
n (t−t̃) (18)

satisfy both the initial conditions (13-17) in Dt̃ and the Klein-Gordon equation (3) in the

whole region S. Therefore, they correspond to the modes that we are actually assigning
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to the hypersurface Dt̃. Now, if the interval of time that S embraces is large enough

so as to explore the minimum frequency in the spectrum§, then it is clear that we can

talk about the modes (18) as forming an orthonormal basis of modes with well defined

positive frequency with respect to t. Condition II is therefore also fulfilled.

3.2. Time-dependent Bogoliubov transformation

Let us write down the Bogoliubov coefficients between any two orthonormal bases of

modes, associated to the hypersurfaces Dt̃0 and Dt̃:

αnm(t̃, t̃0) := 〈Φ[t̃]
n ,Φ

[t̃0]
m 〉, βnm(t̃, t̃0) := −〈Φ[t̃]

n , (Φ
[t̃0]
m )∗〉. (19)

For convenience, we write the Bogoliubov transformation in the matrix notation as

U(t̃, t̃0) :=

(
α(t̃, t̃0) β(t̃, t̃0)

β(t̃, t̃0)∗ α(t̃, t̃0)∗

)
. (20)

We consider now the Bogoliubov transformation between the modes associated

with Dt̃0 and with Dt̃+∆t̃. By composition of Bogoliubov transformations, we have that

U(t̃+ ∆t̃, t̃0) = U(t̃+ ∆t̃, t̃)U(t̃, t̃0). (21)

With the help of this relation, we will find a differential equation for U(t̃, t̃0). If we

differentiate, we get

d

dt̃
U(t̃, t̃0) =

d

d(∆t̃)
U(t̃+ ∆t̃, t̃0)

∣∣∣∣
∆t̃=0

=
d

d(∆t̃)
U(t̃+ ∆t̃, t̃)

∣∣∣∣
∆t̃=0

U(t̃, t̃0). (22)

Now we will explicitly compute the first factor on the r.h.s., so that this equation will

become an homogeneous differential equation in time for U(t̃, t̃0). Let us write explicitly

the matrix elements of this factor:

d

d(∆t̃)
αnm(t̃+ ∆t̃, t̃)

∣∣∣∣
∆t̃=0

= −i
d

d(∆t̃)

∫
Dt̃

dVt̃

[
Φ[t̃+∆t̃]
n (t̃) ∂tΦ

[t̃]
m(t)∗

∣∣∣
t=t̃

−Φ[t̃]
m(t̃)∗ ∂tΦ

[t̃+∆t̃]
n (t)

∣∣∣
t=t̃

]∣∣∣
∆t̃=0

, (23)

d

d(∆t̃)
βnm(t̃+ ∆t̃, t̃)

∣∣∣∣
∆t̃=0

= i
d

d(∆t̃)

∫
Dt̃

dVt̃

[
Φ[t̃+∆t̃]
n (t̃) ∂tΦ

[t̃]
m(t)

∣∣∣
t=t̃

−Φ[t̃]
m(t̃) ∂tΦ

[t̃+∆t̃]
n (t)

∣∣∣
t=t̃

]∣∣∣
∆t̃=0

. (24)

We need to compute the derivative with respect to ∆t̃ of the quantities inside the

integrals. For that, we use the local evolution in time around t̃ + ∆t̃ (and to first

§ The fact that the hypersurfacesDt̃ are compact guarantees that the spectrum {(ω[t̃]
n )2} of the operator

in (13) is bounded from below.
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order in ∆t̃) of Φ
[t̃+∆t̃]
n (t), which is given by (17); and of ∂tΦ

[t̃+∆t̃]
n (t), which we will

obtain through the Klein-Gordon equation. Notice that conditions (13) and (17), when

replaced in the Klein-Gordon equation as written in (3) and evaluated at t = t̃, imply

that

∂2
t Φ

[t̃]
n (t)

∣∣∣
t=t̃

= iω[t̃]
n

[
iω[t̃]
n + q(t̃)

]
Φ[t̃]
n (t̃)− ξR̄(t̃)Φ[t̃]

n (t̃). (25)

That is, out of the initial conditions, the Klein-Gordon equation provides us the value

of the second time derivative of Φ
[t̃]
n (t) at t = t̃ [and only at t = t̃, equation (25) is

evidently not a differential equation in time].

Because of relations (17) and (25) (replacing t̃→ t̃+ ∆t̃), we have that

Φ[t̃+∆t̃]
n (t̃) = Φ[t̃+∆t̃]

n (t̃+ ∆t̃)
(

1 + iω[t̃]
n ∆t̃

)
+O(∆t̃)2, (26)

∂tΦ
[t̃+∆t̃]
n (t)

∣∣∣
t=t̃

= − iω[t̃+∆t̃]
n Φ[t̃+∆t̃]

n (t̃+ ∆t̃)
{

1 +
[
iω[t̃]
n + q(t̃)

]
∆t̃
}

+ Φ[t̃]
n (t̃)ξR̄(t̃)∆t̃+O(∆t̃)2. (27)

This is the local evolution of the needed quantities to first order in ∆t̃, and therefore we

are ready to compute the derivatives in (23) and (24). If we plug (26) and (27) into (23)

and (24), we get, with some manipulation,

d

d(∆t̃)
αnm(t̃+ ∆t̃, t̃)

∣∣∣∣
∆t̃=0

= iω[t̃]
n δnm + α̂nm(t̃), (28)

d

d(∆t̃)
βnm(t̃+ ∆t̃, t̃)

∣∣∣∣
∆t̃=0

= β̂nm(t̃); (29)

where we define the quantities

α̂nm(t̃) := (ω[t̃]
m + ω[t̃]

n )

∫
Dt̃

dVt̃

[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃)∗

+

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξR̄(t̃)

]
Φ[t̃]
m(t̃)∗ +

δnm

2ω
[t̃]
n

dω
[t̃]
n

dt̃
, (30)

β̂nm(t̃) := (ω[t̃]
m − ω[t̃]

n )

∫
Dt̃

dVt̃

[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃)

−
∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξR̄(t̃)

]
Φ[t̃]
m(t̃)− dω

[t̃]
n

dt̃

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃). (31)

We finally group the quantities appearing in (28) and (29) in two matrices as

Ω(t̃) := diag(ω
[t̃]
1 , ω

[t̃]
2 , . . . ,−ω

[t̃]
1 ,−ω

[t̃]
2 , . . .), K(t̃) :=

(
α̂(t̃) β̂(t̃)

β̂(t̃)∗ α̂(t̃)∗

)
. (32)

The differential equation (22) then reads

d

dt̃
U(t̃, t̃0) =

[
iΩ(t̃) +K(t̃)

]
U(t̃, t̃0); (33)
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which, with the initial condition U(t̃0, t̃0) = I, has the formal solution

U(t̃f , t̃0) = T exp

{∫ t̃f

t̃0

dt̃
[
iΩ(t̃) +K(t̃)

]}
. (34)

We can get rid of the trivial phase and write the evolution in a more compact form.

Apart from the phase introduced by the term iΩ(t̃), one can check that the diagonal

elements α̂nn are purely imaginary [see relation (B.3) in Appendix B]. Thus, we can get

rid of the full trivial phase by defining the diagonal matrix

Θ(t̃) := exp

{∫ t̃

dt̃′[iΩ(t̃′) + A(t̃′)]

}
, A(t̃) := diag(α̂11, α̂22, . . . ,−α̂11,−α̂22, . . .);

(35)

and writing the evolution in terms of a new operator Q(t̃, t̃0), implicitly defined by

U(t̃, t̃0) = Θ(t̃)Q(t̃, t̃0). (36)

Replacing (36) in (33), we get the differential equation [notice that Θ(t̃)−1 = Θ(t̃)∗,

since A(t̃)∗ = −A(t̃)]

d

dt̃
Q(t̃, t̃0) = Θ(t̃)∗K̄(t̃)Θ(t̃)Q(t̃, t̃0), K̄(t̃) := K(t̃)− A(t̃); (37)

which, again with the initial condition Q(t̃0, t̃0) = I, has the formal solution

Q(t̃f , t̃0) = T exp

[∫ t̃f

t̃0

dt̃ Θ(t̃)∗K̄(t̃)Θ(t̃)

]
. (38)

Summarizing, we have used the local evolution of the modes around the spacelike

hypersurface to which they are associated, given by their own construction and the

Klein-Gordon equation [equations (26) and (27)], to compute the coefficients of a

differential equation ruling the evolution of the transformations between bases associated

to different spacelike hypersurfaces. We emphasize again that this is the whole spirit of

the method: switching from the time evolution of the modes to the time evolution of the

transformation between bases. We also stress that one of the strengths of the method is

that all the quantities appearing in (30-32), which are the coefficients of our differential

equation, are known just by constructing the orthonormal basis of modes solutions to

the eigenvalue equation (13), for which the time t̃ is just a parameter. In Appendix B,

we check that the Bogoliubov transformations (34) and (38) obtained with this method

satisfy the Bogoliubov identities.

3.3. Physical interpretation

3.3.1. Classical field The physical interpretation of the construction in the case of a

classical field is quite straightforward. Nonetheless, since we want to emphasize the time
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evolution picture that emerges from the method, we will work it out explicitly. The

classical field consists of just a function Φ(t) solution to the Klein-Gordon equation.

Therefore, it can be expanded in the bases of modes associated to two different

hypersurfaces Dt̃0 and Dt̃f
as

Φ(t) =
∑
n

[
a[t̃0]
n Φ[t̃0]

n (t) + b[t̃0]
n Φ[t̃0]

n (t)∗
]
,

Φ(t) =
∑
n

[
a[t̃f ]
n Φ[t̃f ]

n (t) + b[t̃f ]
n Φ[t̃f ]

n (t)∗
]
. (39)

If the field is real, the amplitudes are constrained to be b
[t̃]
n = (a

[t̃]
n )∗. Since the Bogoliubov

coefficients are the linear transformation between the bases of modes associated to

different hypersurfaces, it is easy to obtain the relations

a[t̃f ]
n =

∑
m

[
αnm(t̃f , t̃0)∗a[t̃0]

m − βnm(t̃f , t̃0)∗b[t̃0]
m

]
,

b[t̃f ]
n =

∑
m

[
αnm(t̃f , t̃0)b[t̃0]

m − βnm(t̃f , t̃0)a[t̃0]
m

]
. (40)

The Bogoliubov coefficients relate the amplitudes of the expansion of a given

solution in the bases associated to two different hypersurfaces. This can be used to

compute the time evolution of the spatial profile of the field, knowing as initial conditions

the amplitudes of its expansion in the basis associated to an initial hypersurface. The key

fact is that the spatial profiles of the modes associated to each hypersurface are indeed

known at the hypersurface itself: They are the solutions to the eigenvalue problem (13).

This description of the evolution of the field is always possible and valid, and therefore

for classical fields the method can be applied with no restriction. Moreover, in the

periods of time where ∂t behaves like a Killing field, the amplitudes computed are those

corresponding to the modes with well defined frequency: the resonance modes of the

static configuration occurring in that period.

3.3.2. Quantum field As we advanced in the Introduction, in the case of a quantum

field we do not pretend to give a quantization for each an every basis of modes that

we have constructed. It is only in those regions S with time symmetry, that we

described at the end of the Subsection 3.1, where we can proceed to the usual Fock

quantization of the field; that is, defining the corresponding Fock space with its vacuum

state and creation and annihilation operators (ones the adjoints of the others in the

case of a real field) associated to the mode decomposition given by the method‖. We

rely in the overwhelming evidence that Fock quantization gives the correct physical

description of a quantum field under the existence of a timelike Killing field. The “time-

dependent Bogoliubov coefficients” that we constructed in the previous subsection can

be interpreted as true Bogoliubov coefficients relating the annihilation and creation

‖ For brevity, for the quantum field we do not expose this whole construction explicitly, see e.g. [25].
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operators of different mode decompositions only when they connect two regions in time

where this valid quantization procedure can be done. When this is not the case, within

the scope of this article they should be considered just as an intermediate computational

tool. Whether there is still some physical interpretation to them will be studied in future

works.

A concern that can still be raised is that, even if two Fock quantizations done

in two different regions S1 and S2, in which ∂t is a Killing field, are both valid and

physically correct (which we know to be the case), they could eventually still be unitarily

inequivalent. The argument against such possibility can be done from a physical

perspective, taking into account that we only consider regular metrics. The condition

for unitary inequivalence in the case of two quantizations related by a Bogoliubov

transformation is that
∑

n,m |βnm|2 →∞. This implies a divergent number of particles in

one of the quantizations for any state of the field with a finite number of particles in the

other quantization. If the energies of the particles in each quantization are not limited

from below, a divergent number of particles could happen without a divergent amount

of energy (the so-called infrared catastrophe [39]). However, since we are considering

compact spatial hypersurfaces, the spectrum obtained from the eigenvalue equation (13)

is always bounded from below. Therefore, for the problems considered with this method

unitarily inequivalent quantizations would imply that, for states with finite energy in one

of the quantizations, the energy diverges according to the other quantization. However,

for physically valid quantizations this possibility is also discarded by the regularity of

the metric and (again) the compactness of the spatial hypersurfaces, since these two

facts imply that only finite amounts of energy can be interchanged with the field in

finite times. Therefore, for the problems considered with this method, physically valid

quantizations must be also unitarily equivalent.

4. Small perturbations and resonances

Let us consider now the case in which the spatial metric hij(t) only changes in time by

a small perturbation around some constant metric h0
ij; that is,

hij(t) = h0
ij + ε∆hij(t), (41)

where ε � 1. Since we are considering static boundary conditions, all the spacelike

domains will be identical, and for convenience we will call them D0 = Dt̃. Staying

to first order in ε, we can write the relevant quantities for computing the Bogoliubov

coefficients as

Φ[t̃]
n (t̃) ≈ Φ0

n + ε∆Φ[t̃]
n (t̃), q(t̃) ≈ ε∆q(t̃),

ω[t̃]
n ≈ ω0

n + ε∆ω[t̃]
n (t̃), R̄(t̃) ≈ ε∆R̄(t̃); (42)

where Φ0
n and ω0

n are the modes and frequencies solution to (13) with h0
ij as the

metric. It is immediate that α̂nm(t̃) and β̂nm(t̃) in (30) and (31) are O(ε), since the
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quantities dΦ
[t̃]
n (t̃)/dt̃, dω

[t̃]
n /dt̃, q(t̃) and R̄(t̃) are all O(ε). We can then write α̂nm(t̃) ≈

ε∆α̂nm(t̃) and β̂nm(t̃) ≈ ε∆β̂nm(t̃), with

∆α̂nm(t̃) := (ω0
m + ω0

n)

∫
D0

dV 0

[
d

dt̃
∆Φ[t̃]

n (t̃)

]
(Φ0

m)∗

+

∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
(Φ0

m)∗ +
δnm
2ω0

n

d∆ω
[t̃]
n

dt̃
, (43)

∆β̂nm(t̃) := (ω0
m − ω0

n)

∫
D0

dV 0

[
d

dt̃
∆Φ[t̃]

n (t̃)

]
Φ0
m

−
∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
Φ0
m −

d∆ω
[t̃]
n

dt̃

∫
D0

dV 0 Φ0
nΦ0

m; (44)

where dV 0 is the volume element of the metric h0
ij.¶

Let us obtain the Bogoliubov coefficients to order ε in terms of these expressions.

In the case of small perturbations, it is more convenient to consider the evolution as

expressed by the Bogoliubov transformation Q(t̃f , t̃0) in (38). Noticing that K̄(t̃) is O(ε),

we only need to consider the zeroth order in the matrix Θ(t̃). To first order in ε, the

transformation reads

Q(t̃f , t̃0) ≈ I + ε

∫ t̃f

t̃0

dt̃ Θ0(t̃)∗∆K̄(t̃)Θ0(t̃); (45)

where

Θ0(t̃) := diag(eiω0
1 t̃, eiω0

2 t̃, . . . , e−iω0
1 t̃, e−iω0

2 t̃, . . .),

∆K̄(t̃) :=

(
∆α̂(t̃) ∆β̂(t̃)

∆β̂(t̃)∗ ∆α̂(t̃)∗

)
− diag(∆α̂11,∆α̂22, . . . ,−∆α̂11,−∆α̂22, . . .). (46)

We can show the resonance behaviour of the field in a clear way if we write explicitly

the expressions for the Bogoliubov coefficients:

αnn(t̃f , t̃0) ≈ 1;

αnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0

dt̃ e−i(ω0
n−ω0

m)t̃∆α̂nm(t̃), n 6= m; (47)

βnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0

dt̃ e−i(ω0
n+ω0

m)t̃∆β̂nm(t̃). (48)

One can see that, in general, the Bogoliubov transformation will differ from the

identity just by terms of first order in ε, except for the cases where there are resonances.

That is, if the perturbation of the metric contains some characteristic frequency ωp, then

the same frequency will usually be also present in the quantities ∆α̂nm(t̃) and ∆β̂nm(t̃);

and if this frequency coincides with some difference between the frequencies of two

¶ Later on, we will further simplify these expressions for practical purposes.
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modes, ωp = ω0
n − ω0

m (it is in resonance), then the corresponding coefficient αnm(t̃f , t̃0)

will grow linearly with the time difference t̃f− t̃0, and after enough time it will overcome

the O(ε). Respectively, if the characteristic frequency coincides with some sum between

the frequencies of two modes, ωp = ω0
n+ω0

m, then the corresponding coefficient βnm(t̃f , t̃0)

will grow linearly in time and eventually overcome the O(ε). For completeness, in

Appendix C.1 we show that the resonances remain stable under small deviations of the

frequency of the perturbation from the exact resonant frequency.

On the other hand, if the Fourier transform F of ∆α̂nm(t̃) [respectively ∆β̂nm(t̃)]

exists, which necessarily implies that the perturbation vanishes fast enough in the

asymptotic past and future, another way to consider the resonances is by taking the

limits t̃0 → −∞ and t̃f →∞ in (47) and (48) and writing

αnn(−∞,∞) ≈ 1;

αnm(−∞,∞) ≈ ε
√

2π F[∆α̂nm(t̃)](ω0
n − ω0

m), n 6= m; (49)

βnm(−∞,∞) ≈ ε
√

2π F[∆β̂nm(t̃)](ω0
n + ω0

m). (50)

That is, the Bogoliubov coefficients between the asymptotic past and future are

proportional to the Fourier transforms evaluated at the corresponding substraction

(respectively addition) of frequencies. Evidently, resonances will occur if the frequency

spectrum is peaked around one or more of these values.

In the case of a quantum field, it is important to remark that, since there is no

time symmetry, strictly speaking there would be no notion of particles associated to

modes with well defined frequency, except if the perturbation vanishes in the asymptotic

regions, in which case one can use (49) and (50). However, even while the perturbation

is ongoing, the deviation from the time symmetry is of order ε, and thus in the resonance

regime (when one or more coefficients grow beyond this order) this lack of symmetry can

be neglected. Therefore, in the case of resonance one can safely say that the physical

effects are taking place for particles associated to modes with (approximately) well

defined frequency.

In Appendix C.2, we further support the interpretation in the previous paragraph

by proving that the results on resonances do not depend on the particular choice of the

basis of modes to order ε that we have used to compute the evolution (this is true also

for classical fields). In order to give such proof, in Appendix C.2 we also prove a result

that is useful at this point to further simplify the expressions in (43) and (44): Any

contribution of the form

dX(t̃)

dt̃
− i(ω0

n − ω0
m)X(t̃), respectively

dX(t̃)

dt̃
− i(ω0

n + ω0
m)X(t̃); (51)

where X(t̃) can be any function of time, appearing in the expression of ∆α̂nm(t̃),

respectively ∆β̂nm(t̃), will not affect the resonance of the corresponding modes. In

simple words, this happens because, if X(t̃) contains the correct resonant frequency

in its Fourier expansion, the contribution of the corresponding term of the expansion
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to (51) vanishes. We refer to Appendix C.2 for the details. Taking into account this

fact, the expressions in (43) and (44) can be simplified to

∆α̂nm(t̃) ≡ i[(ω0
n)2 − (ω0

m)2]

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)(Φ0

m)∗

+

∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
(Φ0

m)∗, (52)

∆β̂nm(t̃) ≡ − i[(ω0
n)2 − (ω0

m)2]

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)Φ0

m

−
∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
Φ0
m − 2iω0

n∆ω[t̃]
n

∫
D0

dV 0 Φ0
nΦ0

m; (53)

where the symbol ‘≡’ denotes the equivalence relation “gives the same resonances as”.

Since resonances are the only physically meaningful result to be obtained from this

computation, given a concrete problem one can always use these simplified expressions

to compute the sensibility of the field to each resonance, by identifying the corresponding

term of the Fourier expansion or value of the Fourier transform.

It is useful to notice that, although in principle we have assumed the orthonormality

of the modes Φ
[t̃]
n (t), for using the expressions in (52) and (53) only the non-perturbed

modes Φ0
n need to be strictly orthogonal [with respect to the usual inner product

in L2(D0)] and with the correct normalization (16) to zeroth order. The modes Φ
[t̃]
n (t̃)

need only to satisfy the unavoidable orthogonality already guaranteed by being correct

solutions (to order ε) of the eigenvalue problem (13); that is, they will necessarily be

orthogonal (to order ε) unless they have the same eigenvalue (ω
[t̃]
n )2. It is easy to

check that any change of order ε in the normalization of the modes (or in the inner

product between modes with the same eigenvalue) would not contribute to (52) or (53),

because the corresponding factor (ω0
n)2 − (ω0

m)2 would make it to vanish. Therefore,

when solving a specific problem, one only needs to explicitly ensure orthogonality and

properly normalize the modes to zeroth order.

Finally, we give other alternative simplified formulas for the computation of (52)

and (53), which justification is given in Appendix C.3. These formulas have the great

advantage that they only imply the modes Φ0
n and eigenvalues ω0

n of the static problem:

∆α̂nm(t̃) ≡
∫
D0

dV 0 [∆̂(t̃)Φ0
n](Φ0

m)∗, ∆β̂nm(t̃) ≡ −
∫
D0

dV 0 [∆̂(t̃)Φ0
n]Φ0

m; (54)

where ∆̂(t̃) is an operator defined by its action on the basis {Φ0
n} as

∆̂(t̃)Φ0
n :=

[
i∆Ô(t̃) + ω0

n∆q(t̃) + iξ∆R̄(t̃)
]

Φ0
n, (55)

with ε∆Ô(t̃) being the first order term in ε of the operator in the eigenvalue

equation (13). For problems in which it is easy to compute the eigenvalues and

eigenfunctions to first order in ε, it might be easier to apply (52) and (53); while for

other problems the expressions in (54) are definitely more convenient.
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The resonance can be consistently described in the regime of duration of the

perturbation ∆t̃ such that 1 � ωp∆t̃ � 1/ε; since one needs the period of time to

be reasonably larger than the inverse of the frequency being described, but on the other

hand, one should keep the second order term in ε that we dropped in (45) significantly

smaller than the first order term that we kept, so that the first order expansion of the

exponential in (38) remains valid. Notice that, because of these limitations, the net

effect after integrating in time under resonance might be of order greater than ε, but

still should be small as compared to unity. However, in what concerns the measurement

of quantum fields, even the effect of such small Bogoliubov transformation could in

principle be measured using the adequate probe states as the initial states of the field

and quantum metrology techniques (see [17,21,35,36,40]). Thus, even in these situations,

in which the total energy involved was too small to produce a pair of particles or to

promote an existing particle to a higher energy state, this would not mean that there are

no measurable effects at all. Moreover, in this work we restrict ourselves to an idealized

system in which the evolution of the field is perfectly unitary. More realistic systems

may also present decoherence any time quanta is created or promoted, something that

can then lead to cumulative effects.

4.1. A concrete example

In order to show the method in action, we will consider an example of application within

the perturbative regime. In particular, we consider a field trapped in a cavity which is

perturbed by a gravitational wave. This is a very interesting problem in the growing

research field of gravitational wave detection with Bose-Einstein condensates. In [21]

the authors solve a similar problem by using the restricted version of the method in [20].

They introduce a simplified toy model in one spatial dimension, taking advantage then

of the conformal invariance in order to “translate” the problem into an equivalent one

in Minkowski spacetime. With the general method presented here, it is possible to go

beyond that scheme and solve the problem in three dimensions. The three-dimensional

problem was also considered in [40] with a very different approach. We will reproduce

and extend the result in that work with very simple and straightforward calculations.

As in [21] and [40], we consider our field to be the phonon field of a trapped Bose-

Einstein condensate, therefore a real scalar massless quantum field. Following the work

in [41], one can see that, in the case that the condensate remains stationary, the phonon

field experiences an effective metric (with minimal coupling) which is the gravitational

wave metric with the speed of light appearing in the component g00 replaced by the speed

of sound in the condensate cs. This speed of sound is the one that we normalize for this

problem, cs = 1. We work in the TT-gauge and consider a wave with amplitude ε and

frequency Ω propagating in the z-direction and with polarization in the xy-directions.

This yields the metric

ds2 = −dt2 + [1 + ε sin(Ωt)]dx2 + [1− ε sin(Ωt)]dy2 + dz2, (56)
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where we have simplified sin[Ω(t− z/c)]→ sin(Ωt), as we have that c� ΩLz (being Lz
the size of the condensate in the z-direction), because of the orders of magnitude between

the speed of light and the speed of sound. For simplicity, we consider that the condensate

is trapped in a rectangular prism of lengths Lx, Ly and Lz aligned with the directions

of propagation and polarization of the wave. The boundaries are free-falling, and we

impose Dirichlet vanishing boundary conditions.

For the metric in (56) and for m = ξ = 0 the eigenvalue equation (13) reads+[
− 1

1 + ε sin(Ωt)
∂2
x −

1

1− ε sin(Ωt)
∂2
y − ∂2

z

]
Φ

[t]
nm`(t) = (ω

[t]
nm`)

2Φ
[t]
nm`(t), (57)

where it is clear that we will need three quantum numbers. Since the boundaries are

free-falling, the boundary conditions read Φ(x = 0) = Φ(x = Lx) = 0, and equivalently

for the other dimensions. The solutions to order ε, with the normalization (16) to zeroth

order, are

Φ
[t]
nm`(t) ≈

2√
LxLyLzω0

nm`

sin(kxnx) sin(kymy) sin(kz` z) = Φ0
nm`, n,m, ` ∈ N∗; (58)

where kxn := πn/Lx, and equivalently for the other dimensions; with the eigenvalues to

order ε given by

ω
[t]
nm`(t) ≈ ω0

nm` + ε
(kym)2 − (kxn)2

2ω0
nm`

sin(Ωt), ω0
nm` =

√
(kxn)2 + (kym)2 + (kz` )

2. (59)

Notice that, for this particular case, the free-falling boundaries make the eigenvalues to

depend on time while the modes are time-independent to order ε. We plug the solutions

into (52) and (53), together with ∆q(t) = 0 computed from (5), obtaining

∆α̂n
′m′`′

nm` (t) = ∆β̂n
′m′`′

nm` (t) = 0, (n′,m′, `′) 6= (n,m, `); (60)

∆β̂nm`nm`(t) = i
(kxn)2 − (kym)2

2ω0
nm`

sin(Ωt). (61)

By looking at these expressions, and considering the resonance behaviour found

in (48), it is straightforward to obtain the conclusions: When Ω = 2ω0
nm`, the

corresponding diagonal β-coefficient will grow linearly in time due to resonance as

βnm`nm`(tf , t0) ≈ ε
(kxn)2 − (kym)2

4ω0
nm`

(tf − t0); (62)

while the rest of the coefficients will remain trivial in any case.

+ When constructing the integration method, we have been using the different notations t and t̃ for

time, in order to distinguish between the evolution of modes in time and the choice of a concrete basis

of modes associated to a section Dt̃. This was indeed necessary for constructing the method. But for

its application to a concrete problem we will not need to explicitly consider the evolution in time t of

a basis of modes anymore. Thus, we can relax the notation and replace t̃→ t.
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In [40], the authors consider the more realistic case in which the gravitational

wave (or its interaction with the field) lasts some approximate time τ and vanishes

asymptotically, by replacing sin(Ωt)→ e−t
2/τ2 sin(Ωt) in the metric (56). We can easily

handle this perturbation with our method by using the expression with the Fourier

transform (50), obtaining (for the only non trivial coefficients)

βnm`nm`(−∞,∞) ≈ ε
√
π

(kxn)2 − (kym)2

4ω0
nm`

τ
[
e−(Ω−2ω0

nm`)
2τ2/4 − e−(Ω+2ω0

nm`)
2τ2/4

]
. (63)

Equation (63) exactly reproduces, through a very simple calculation (just a trivial

eigenvalue problem and a trivial Fourier transform), the relation found in [40]

(equation 2.21). When Ω ' 2ω0
nm`, it reproduces again the resonance behaviour for

the range of durations 1/Ω� τ � 1/|Ω− 2ω0
nm`|, as discussed in Appendix C.1.

We can obtain some further conclusions on this simple model. For example, it is

straightforward to check that imposing Neumann vanishing boundary conditions leads to

the same results. Also, we can discuss what happens if we include the cross-polarization

in the metric. This polarization would add terms proportional to ∂x∂y in the operator

in (57). By using the expressions in (54) and (55), it is easy to check that this does not

contribute to any Bogoliubov coefficient. Therefore, for waves coming perpendicular to

any of the faces, the field is sensitive only to the polarization which is aligned with the

other faces. Again by using (54) and (55), it would not be difficult to even consider

a wave propagating in an arbitrary direction, by applying the corresponding rotation

matrices with the Euler angles to the metric, but for brevity we will not approach this

problem here. In future publications [42], the authors will apply the method introduced

in this article to study in detail the resonance properties of this and other models of

trapping cavities, in what will be a fruitful application of the method to the study of

gravitational wave detection with Bose-Einstein condensates.

5. Application to cosmological particle creation

In this section, we give an example of the application of the method beyond the

perturbative regime. In particular, we use it to analyse a massive, minimally coupled

Klein-Gordon field in a one-dimensional FLRW flat spacetime. The line element of this

spacetime is given by

ds2 = −dt2 + a(t)2dx2. (64)

For the metric in (64), where hxx(t) = a(t)2, and for ξ = 0, the eigenvalue

equation (13) takes the form∗[
− 1

a(t)2
∂2
x +m2

]
Φ[t]
n (t) = (ω[t]

n )2Φ[t]
n (t). (65)

As it is customary [2, 25], we introduce periodic boundary conditions in space, so

that Φ(x = 0) = Φ(x = L). Thus, the solutions to (65), with the normalization in (16),

are given by

∗ As for the previous example in Subsection 4.1, we replace t̃→ t in the notation.
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Φ[t]
n (t, x) =

1√
2ω

[t]
n |a(t)|L

eiknx, n ∈ Z; (66)

where ω
[t]
n :=

√
k2n
a(t)2

+m2 and kn := 2πn
L

. From (5) we get q(t) = ȧ(t)/a(t).

Computing (30) and (31) with the field modes (66) we obtain

α̂nm(t) = 0; β̂nm(t) = 0, m 6= −n;

β̂n(−n)(t) = − ȧ(t)m2

2a(t)(ω
[t]
n )2

. (67)

Observe that if the scale factor is constant then β̂n(−n)(t) = 0 and the transformation

is trivial. Moreover, the transformation is also trivial when the scalar field is massless,

which agrees with the fact that (in the case of quantum fields) particles are created in

(1 + 1)-dimensions only if a non-zero mass breaks the conformal invariance [25].

With the result obtained in (67), the differential equation (37) written directly for

the Bogoliubov coefficients reads

α̇nm(t, t0) = e−2i
∫ t dt′ω

[t′]
n β̂n(−n)(t)β(−n)m(t, t0)∗,

β̇nm(t, t0) = e−2i
∫ t dt′ω

[t′]
n β̂n(−n)(t)α(−n)m(t, t0)∗. (68)

By replacing n → −n in the second equation, we realize that the system of

equations can be decoupled in independent systems of two differential equations for

each pair {αnm, β(−n)m}. Moreover, since the equations are homogeneous and the

initial conditions are αnm(t0, t0) = δnm and βnm(t0, t0) = 0, only the systems for

which m = n will have a non-trivial evolution, while the rest of the coefficients will

all stay equal to zero. For the non-trivial systems, we can write down the two first

order differential equations more conveniently as the following second order differential

equation for αnn(t, t0):

α̈nn(t, t0) +

[
2i ω[t]

n −
˙̂
βn(−n)(t)

β̂n(−n)(t)

]
α̇nn(t, t0)− β̂n(−n)(t)

2αnn(t, t0) = 0, (69)

with the initial conditions αnn(t0, t0) = 1 and α̇nn(t0, t0) ∝ β(−n)n(t0, t0)∗ = 0.

Once computed the αnn(t, t0) coefficients, computing another integral would give

the β(−n)n(t, t0) coefficients. However, it is much easier to compute them (up to an

unimportant phase) out of the Bogoliubov identity
∑

m(|αnm|2 − |βnm|2) = 1, which in

this case simplifies to

|β(−n)n(t, t0)|2 = |αnn(t, t0)|2 − 1. (70)

The mathematical results up to here are completely general, there is no assumption

made on the form of the scale factor. For a quantum field, as it was already discussed,

the Bogoliubov coefficients computed will only have a clear physical interpretation when

they connect regions in which ∂t is a (maybe approximate) Killing field. We already
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reproduce the known result [2, 25] that in the problem considered there is never mode-

mixing (the only non-zero α’s are the diagonal ones), but only particle creation in pairs

of fully entangled particles with the same frequency and equal but opposite momentum.

Finally, we point out that we could easily take the limit of an unconfined quantum field

(L → ∞) by simply replacing the role of the quantum number n by the wave number

now raised to a continuum quantity, kn → k ∈ R; and the discrete frequencies by the

corresponding dispersion relation, ω
[t]
n → ω[t](k).

5.1. A concrete example

To illustrate the previous general result, let us use it to compute numerically the

Bogoliubov coefficients for a well-known toy model of cosmological expansion; in

particular, the toy model appearing in [25], pp. 59–62 (which was first proposed in [43]).

In this model, the expansion is explicitly written in terms of the conformal time η,

defined by dη/dt = 1/a(t). In this time, the scale factor is given by

a(η) =
√
A+B tanh(ρη), (71)

where A, B and ρ are constants. One can see that, in the asymptotic past and future

(η, t→ ±∞), the spacetime asymptotically approaches the Minkowskian flat spacetime.

In [25] the Bogoliubov coefficients between the asymptotic regions αnn(∞,−∞)

and β(−n)n(∞,−∞) are obtained analytically by first solving the Klein-Gordon equation

in conformal time through separation of variables.

Unfortunately, for the given expression of a(η) we cannot obtain an explicit

analytic expression for a(t) (one could expect this to happen, since the toy model

is prepared ad hoc to be solved in conformal time). Nonetheless, we can solve this

problem numerically using the differential equation (69) that we have obtained. We first

compute the functions appearing in the coefficients of the equation, and finally solve

the differential equation itself. The asymptotic initial conditions are αnn(−∞,−∞) = 1

and α̇nn(−∞,−∞) = 0. Being trivially related by (70), it is equivalent to follow the

evolution of the α’s or the β’s. For convenience, we consider the second ones, since

they directly give the interesting result of particle creation for the quantum field. In

Figure 1, we plot a graphic with an example of numerical results for |β(−n)n(t,−∞)|2 for

a concrete choice of the parameters in the problem, comparing them to the asymptotic

values obtained analytically in [25].

One can clearly see that the asymptotic values in [25] are correctly reproduced.

We also claim the attention about the fact that, for a quantum field, even if the

intermediate values of the coefficients cannot be assigned an immediate interpretation

in terms of particle creation, the evolution of the coefficients in time is perfectly smooth

and monotonically increasing, with a time dependence qualitatively similar to that of

the scale factor itself. This “well-behaved” result is remarkable, and makes us to suspect

that those intermediate values may have some physical meaning in terms of some sort of

approximation, although the discussion of this idea lies beyond the scope of this article.
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Figure 1. Time evolution of |β(−n)n(t,−∞)|2 as obtained from numerical computation

(solid lines), and asymptotic values |β(−n)n(∞,−∞)|2 as given in [25] (dashed lines).

The mass of the field is m = 0.1, periodic boundary conditions are imposed for a length

of L = 1000, and the parameters of a(η) are A = 2.5, B = 1.5 and ρ = 1.

6. Summary and conclusions

We have developed a method for computing the evolution of a scalar field under general

changes of the spacetime metric. In order to keep track of the evolution of the field,

instead of solving the Klein-Gordon differential equation, the method computes a time-

dependent Bogoliubov transformation between bases of modes associated to different

spacelike hypersurfaces. The method provides the way to obtain the basis of modes

associated to each spacelike hypersurface as an eigenvalue problem in that hypersurface

[equation (13)]. Once obtained the modes, it provides a system of homogeneous first

order differential equations in time [equation (37)] for the Bogoliubov transformation

between the bases of modes associated to different times. The coefficients of such

system of equations are computed out of the expressions for the modes themselves

[equations (30) and (31)]. Finally, we can also arrive to the formal generic solution of

the system of equations [equation (34) or (38)]. In this article we have considered only

the case in which the boundary remains static in the chosen reference frame, leaving the

more general case of a moving boundary for a second article.

In the case of a classical field, the time-dependent Bogoliubov transformation

provides the time evolution of the spatial profile of the field by relating the amplitudes

of its expansion in the bases associated to the different hypersurfaces. In the case

of a quantum field, the time-dependent Bogoliubov transformation obtained with this

method cannot, in general, be given a direct physical interpretation in terms of mode-

mixing and particle creation phenomena, simply because the modes constructed for

each spacelike hypersurface do not correspond (in general) to modes with well defined

frequency with respect to some time, and therefore they do not yield a physically
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unambiguous quantization in terms of particles. However, if there is a region of

spacetime (long enough in time) in which the time translation along the chosen time

coordinate is a (maybe approximate) symmetry, then automatically the modes as

constructed with the method correspond to modes with (maybe approximate) well

defined frequency in that region. In such cases, the quantization in these modes has

the adequate interpretation in terms of particles, and the Bogoliubov transformation

between two such regions has also its usual physical meaning in terms of mode-mixing

and particle creation. In the regions where this is not the case, the modes and

Bogoliubov transformations constructed can be considered just as an “integration tool”

for computing the physically meaningful cases, although their potential meaning as some

sort of approximation will be analysed in future works.

We stress that the method is completely general, and could in principle be applied

to any situation in which the field is undergoing an evolution due to changes in the

background metric. However, as much as we stress this generality, we should also

emphasize that the method proves to be of special practical use in the case of small

perturbations of the metric (or the boundary conditions) around a static situation. For

clarity, we number here the reasons of this utility:

• The perturbations of the modes can be obtained out of the eigenvalue equation (13)

just with perturbation theory to first order. In the same way, for computing

the quantities α̂ and β̂ one should only keep the first order in the perturbation,

taking advantage of the equivalence relation with respect to resonances described

in Appendix C.2 to further simplify the expressions [equations (52) and (53)].

Moreover, one can alternatively use the expressions (54) and (55) to obtain the

results directly from the solutions to the static problem.

• There is no need to explicitly solve the differential equation (37) or to compute the

exact transformation (38). In (47) and (48) we can already see that, to first order,

there is just a resonance behaviour. Thus, writing down the Fourier expansion of the

perturbations ∆α̂(t) and ∆β̂(t) automatically gives which Bogoliubov coefficients

will stay to order ε (the order of the perturbation) and which (if any) will grow

linearly in time due to resonance, and at which rate. Alternatively, when it is

possible one can also take the Fourier transform to find the Bogoliubov coefficients

between the asymptotic regions using (49) and (50).

• When considering a quantum field, since the problem consist of a small perturbation

of order ε around a static situation, in which there would be an exact notion of

particles with well defined frequency, the indefiniteness in such a notion will stay

to order ε. Thus, for the modes which are in resonance (the interesting ones),

for which the Bogoliubov coefficients will grow beyond the order ε, the physical

interpretation in terms of mode-mixing and particle creation is perfectly valid.

• In Appendix C we prove that the result on resonances is stable under small

deviations from the resonant frequency. We also verify that the resonances obtained

are the same regardless of which bases of modes to order ε one uses to integrate
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the evolution, which further supports that they are a physically meaningful result.

As an example of the application of the method, we have considered the

perturbation of a confined field by gravitational waves in a realistic 3 + 1 dimensional

background. Through very simple calculations, we obtain the Bogoliubov coefficients,

which agree with those given in [40] for the same problem; and further discuss the role

of the boundary conditions and the polarization. The perturbative method could also

prove its utility in other problems which are now under study, in which quantum systems

are perturbed by small gravitational effects [16,44,45].

Finally, we have included an example of an application of the method to

cosmological particle creation. We have obtained a differential equation that allows

to compute the Bogoliubov coefficients for any one-dimensional FLRW flat spacetime,

and applied this differential equation to an already known toy model of cosmological

expansion, reproducing the correct results for the Bogoliubov coefficients between the

asymptotic regions. In this way, we checked that the method can also be useful in

problems beyond the perturbative regime. Out of the results obtained for the toy

model, we highlight the smooth and monotonic behaviour in time of the Bogoliubov

coefficients computed, even when they do not necessarily have an immediate physical

interpretation. As we already mentioned, we leave for future work the analysis of the

possible meaning of those values as some sort of approximation. We also leave for future

work potential new applications of the integration method introduced in this article to

other cosmological scenarios, as well as further applications in other problems, specially

in those related to quantum field theory in curved spacetime.
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Appendix A. Completeness and orthonormality of the bases of modes

Let us prove that the basis {Φ[t̃]
n , (Φ

[t̃]
n )∗}, constructed in Subsection 3.1 is a complete

basis of the space of solutions to the Klein-Gordon equation.

First, if we take the total time derivative of the boundary condition in (7), (9)

or (11) along the boundary, since the boundary itself remains static, we will easily find

that the same boundary condition that applies to Φ(t) must apply to ∂tΦ(t). Therefore,

if we call Γt̃ ⊂ L2(Dt̃) the subspace of spatial functions satisfying the boundary

conditions in (14), (15) or (11) written for Φ
[t̃]
n (t̃, ~x), we must have both Φ

[t̃]
n (t̃) ∈ Γt̃

and ∂tΦ
[t̃]
n (t)|t=t̃ ∈ Γt̃. That is, the space of possible initial conditions (Φ(t̃), ∂tΦ(t)|t=t̃)

(Cauchy data) at Dt̃ is Γt̃ ⊕ Γt̃ ⊂ L2(Dt̃)⊕ L2(Dt̃).

One can easily check that the operator in the eigenvalue problem (13) is self-adjoint

in Γt̃ for any of the boundary conditions considered. Therefore, both the set {Φ[t̃]
n (t̃)}

and the set {Φ[t̃]
n (t̃)∗} are complete bases of Γt̃. Now, we notice that, according to (17),

the mode Φ
[t̃]
n (t) is the time evolution of the initial conditions (Φ(t̃), ∂tΦ(t)|t=t̃) =

(Φ
[t̃]
n (t̃),−iω

[t̃]
n Φ

[t̃]
n (t̃)) at Dt̃. Respectively, the mode Φ

[t̃]
n (t)∗ is the time evolution of

the initial conditions (Φ
[t̃]
n (t̃)∗, iω

[t̃]
n Φ

[t̃]
n (t̃)∗).

Finally, it is straightforward to check that the set of initial conditions given

by {(Φ[t̃]
n (t̃),−iω

[t̃]
n Φ

[t̃]
n (t̃)), (Φ

[t̃]
n (t̃)∗, iω

[t̃]
n Φ

[t̃]
n (t̃)∗)} is a complete basis of Γt̃ ⊕ Γt̃, and

therefore a complete basis of the space of initial conditions (it is easy to see that any

initial conditions in Γt̃ ⊕ Γt̃ can be expanded in this basis with unique coefficients).

Since {Φ[t̃]
n , (Φ

[t̃]
n )∗} is the set of modes corresponding to the time evolution of the initial

conditions in that basis, by linearity of the Klein-Gordon equation it is a complete basis

of the space of solutions to the Klein-Gordon equation.

With respect to the orthonormal character of the bases, using the initial conditions

and the normalization given in (16) one can easily compute the Klein-Gordon inner

product (6) between any two modes of the basis, obtaining:

〈Φ[t̃]
n ,Φ

[t̃]
m〉 = (ω[t̃]

n + ω[t̃]
m)

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃)∗ = δnm, (A.1)

〈Φ[t̃]
n , (Φ

[t̃]
m)∗〉 = (ω[t̃]

n − ω[t̃]
m)

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃) = 0, (A.2)

〈(Φ[t̃]
n )∗, (Φ[t̃]

m)∗〉 = −(ω[t̃]
n + ω[t̃]

m)

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)∗Φ[t̃]

m(t̃) = −δnm; (A.3)

where in (A.2) we have used that the integral is non-zero only when the eigenvalues

coincide. Therefore, we have proven the completeness and orthonormality of the bases

of modes that we are constructing for each hypersurface.
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Appendix B. Bogoliubov identity checking

Any Bogoliubov transformation B [written in matrix notation as in (20)] must satisfy

the following identity:

B−1 = JB†J, J :=

(
I

−I

)
. (B.1)

The Bogoliubov transformations that we have found in (34) and (38) both have the

form B = eY (the temporal ordering only affects the limits of the integrals and clearly

does not play any role). In such a case, noticing that J is invertible, the condition (B.1)

implies the following condition for Y :

e−Y = JeY
†
J = eJY

†J ⇔ Y = −JY †J. (B.2)

Thus, noticing that Ω(t̃), Θ(t̃) and A(t̃) are diagonal, it is clear that both U(t̃, t̃0)

and Q(t̃, t̃0) will satisfy the Bogoliubov identity (B.1) if and only if identity (B.2) is

satisfied for Y = K(t̃). This condition is equivalent to the relations

α̂nm(t̃) = −α̂mn(t̃)∗, β̂nm(t̃) = β̂mn(t̃). (B.3)

Let us prove these relations by taking derivatives with respect to t̃ of the inner

products in (A.1) and (A.2). Since these inner products are constant, with some

manipulation we have that

0 =
d

dt̃
〈Φ[t̃]

n ,Φ
[t̃]
m〉

=
δnm

ω
[t̃]
n

dω
[t̃]
n

dt̃
+ (ω[t̃]

m + ω[t̃]
n )

∫
Dt̃

dVt̃

{[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃)∗ + Φ[t̃]

n (t̃)

[
d

dt̃
Φ[t̃]
m(t̃)∗

]
+ Φ[t̃]

n (t̃)q(t̃)Φ[t̃]
m(t̃)∗

}
, (B.4)

0 =
d

dt̃
〈Φ[t̃]

n , (Φ
[t̃]
m)∗〉 =

(
dω

[t̃]
m

dt̃
− dω

[t̃]
n

dt̃

)∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃)

+ (ω[t̃]
m − ω[t̃]

n )

∫
Dt̃

dVt̃

{[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃) + Φ[t̃]

n (t̃)

[
d

dt̃
Φ[t̃]
m(t̃)

]
+ Φ[t̃]

n (t̃)q(t̃)Φ[t̃]
m(t̃)

}
. (B.5)

The last term in each expression appears due to the derivative of dVt̃ [and using (5)].

Comparing the identities (B.4) and (B.5) with the expressions in (30) and (31) it is

straightforward to check that the relations in (B.3) hold, and thus the transformations

satisfy the Bogoliubov identity (B.1).



Evolution of a scalar field in curved spacetime (I) 27

Appendix C. Robustness of the results on resonances

Appendix C.1. Stability under small deviations in the frequency

Let us check that resonances still occur when the perturbation frequency slightly deviates

from the exact resonant frequency. Consider that a perturbation contains a frequency ωp,

so that for some pair of modes we get ∆α̂nm(t̃) = Ceiωp t̃, with C constant. Consider now

that this frequency is very close to the resonant frequency ω0
n− ω0

m for the α-coefficient

between this pair of modes, so that ωp = ω0
n − ω0

m + ∆ω, with |∆ω| ≪ |ω0
n − ω0

m|.
From (47) we have that

αnm(t̃f , t̃0) ≈ εC

∫ t̃f

t̃0

dt̃ ei∆ωt̃ = εC
2

∆ω
sin

[
∆ω

2
(t̃f − t̃0)

]
eiϕ ≈ εC(t̃f − t̃0)eiϕ, (C.1)

where ϕ := ∆ω(t̃f + t̃0)/2 is an irrelevant phase, and we have also assumed that

t̃f − t̃0 � 1/|∆ω|. Since we also need that t̃f − t̃0 � 1/|ω0
n − ω0

m| for the resonance to

take place, this means that, as far as the frequency is sufficiently close to the resonant

one, there is a wide window of time between 1/|ω0
n−ω0

m| and 1/|∆ω| in which resonance

occurs. Analogous arguments apply to the resonance for the β-coefficients.

Appendix C.2. Invariance under small changes in the basis of modes

In the perturbative regime, the modes with physical interpretation (those that can

be used for quantization, in the case of a quantum field) are the resonance modes of

the static configuration; that is, the static solutions Φ0
n. The only physically meaningful

effect that can be described are the resonances between them, since anything else remains

as tiny as the perturbation, and therefore as tiny as the degree of arbitrariness in the

choice of the solutions to order ε that we use to keep track of the evolution. Here, we

prove that the results on resonances do not depend on the concrete perturbed bases used

to integrate the evolution of the field (of course, as far as they are bases of solutions

correctly computed to order ε).

Consider that, instead of the bases {Φ[t̃]
n (t)}, we used some other bases of

solutions {χ[t̃]
n (t)} which differ just by order ε of the original ones. Since both are

complete bases of solutions, they have to be related by

χ[t̃]
n (t) =

∑
m

[δnm + εTnm(t̃)]Φ[t̃]
m(t), (C.2)

where T (t̃) can be any time dependent matrix that remains O(1) in ε. If we call V (t̃, t̃0)

the transformation between the new bases at different times, it is clear that it will be

related to the U(t̃, t̃0), which transforms the original bases, by

V (t̃, t̃0) = [I + εT (t̃)]U(t̃, t̃0)[I − εT (t̃0)]. (C.3)

Consider now the differential equation (33). Taking into account that K(t̃) has no

zeroth order terms in ε, the corresponding differential equation for V (t̃, t̃0) correct to
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order ε will be

d

dt̃
V (t̃, t̃0) =

{
iΩ(t̃) +K(t̃) + ε

[
d

dt̃
T (t̃) + i

(
T (t̃)Ω0 − Ω0T (t̃)

)]}
V (t̃, t̃0), (C.4)

where Ω0 := Ω(t̃)|ε=0 = diag(ω0
1, ω

0
2, . . . ,−ω0

1,−ω0
2, . . .). One can see that, in principle,

there is a non-zero contribution to the differential equation due to the change of bases.

Let us now write down the matrix T (t̃) in the block form

T (t̃) :=

(
X(t̃) Y (t̃)

Z(t̃) W (t̃)

)
. (C.5)

This is just for notational purposes, there is no need that the coefficients satisfy any

relation. We consider for example the coefficient Xnm(t̃), which would contribute to the

quantity ∆α̂nm(t̃) in the new transformation with the amount

d

dt̃
Xnm(t̃)− i(ω0

n − ω0
m)Xnm(t̃), (C.6)

as one can read out of the contribution appearing in (C.4). Consider now that the

coefficient Xnm(t̃) contains some frequency ωT , so that Xnm(t̃) = CeiωT t̃, with C

constant. Then the contribution reads

iC(ωT − ω0
n + ω0

m)eiωT t̃. (C.7)

Finally, when computing the corresponding Bogoliubov coefficient between two different

times αnm(t̃, t̃0) using (47), the extra contribution due to the change of bases will be

iεC(ωT − ω0
n + ω0

m)

∫ t̃f

t̃0

dt̃ ei(ωT−ω0
n+ω0

m)t̃ = εC
[
ei(ωT−ω0

n+ω0
m)t̃f − ei(ωT−ω0

n+ω0
m)t̃0
]
, (C.8)

which remains O(ε) at any time, and therefore does not contribute to the resonances. If

we had considered the Bogoliubov coefficient as given by the Fourier transform in (49),

the conclusion is even more obvious, since the Fourier transform of (C.6) identically

vanishes when evaluated at ω0
n − ω0

m. Analogous arguments apply to the other entries

of the transformation.

Notice that, if the transformation I + εT (t̃) is not a Bogoliubov transformation to

order ε, then the Bogoliubov coefficients obtained will not fulfil the Bogoliubov identities

to order ε. This happens because the bases of perturbed solutions used in this case are

not orthonormal to order ε. However, this is completely irrelevant, since these bases

are just an intermediate mathematical tool to correctly compute the evolution. The

modes in the bases need to be correct solutions to order ε and coincide with the static

solutions to zeroth order, nothing else. The final Bogoliubov transformation should not

be interpreted physically to order ε, but only beyond it; that is, only for the resonances,

which as we have proven remain the same, no matter which transformation (in order ε)

is done to the bases.
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It is straightforward to connect the computation done in this Appendix to the

claim done in Section 4, which states that the quantities of the form in (51) appearing

in ∆α̂nm(t̃) [respectively ∆β̂nm(t̃)] will not contribute to the resonances: As one can see

from (C.6), adding or subtracting these quantities is equivalent to an irrelevant change

in the choice of bases to order ε.

Appendix C.3. Further simplification of the expressions

Let us obtain expressions (54) and (55) from (49) and (50). First, we write the operator

in (13) to first order in ε as[
−∇2

h(t̃) + ξRh(t̃) +m2
]
≈ Ô0 + ε∆Ô(t̃). (C.9)

Equation (13) to zero and first order in ε then reads, respectively,

Ô0Φ0
n = (ω0

n)2Φ0
n, (C.10)

Ô0∆Φ[t̃]
n (t̃) + ∆Ô(t̃)Φ0

n = (ω0
n)2∆Φ[t̃]

n (t̃) + 2ω0
n∆ω[t̃]

n Φ0
n. (C.11)

Using these two expressions and Green’s second identity (and any of the boundary

conditions considered), we can write

(ω0
m)2

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)(Φ0

m)∗

=

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)[Ô0(Φ0

m)∗] =

∫
D0

dV 0 [Ô0∆Φ[t̃]
n (t̃)](Φ0

m)∗ (C.12)

= −
∫
D0

dV 0 [∆Ô(t̃)Φ0
n](Φ0

m)∗ + (ω0
n)2

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)(Φ0

m)∗ + ∆ω[t̃]
n δnm;

which implies

i[(ω0
n)2−(ω0

m)2]

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)(Φ0

m)∗+i∆ω[t̃]
n δnm = i

∫
D0

dV 0 [∆Ô(t̃)Φ0
n](Φ0

m)∗. (C.13)

Finally, we notice that, because of the equivalence relation with respect to resonances,

any diagonal term in ∆α̂nm(t̃) is always meaningless. We can thus ignore the second

term in the l.h.s., obtaining (54) and (55) for ∆α̂nm(t̃). An identical derivation

replacing (Φ0
m)∗ → Φ0

m yields the expression for ∆β̂nm(t̃), in which case the diagonal

terms are relevant.
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Appendix D. Summary of formulae for the application of the method

Computation of modes and eigenvalues

Eigenvalue equation (13)
[
−∇2

h(t̃) + ξRh(t̃) +m2
]

Φ[t̃]
n (t̃) = (ω[t̃]

n )2Φ[t̃]
n (t̃).

I. Non-perturbative regime

Quantities α̂ and β̂ (30, 31)

α̂nm(t̃) = (ω[t̃]
m + ω[t̃]

n )

∫
Dt̃

dVt̃

[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃)∗

+

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξR̄(t̃)

]
Φ[t̃]
m(t̃)∗

+
δnm

2ω
[t̃]
n

dω
[t̃]
n

dt̃
,

β̂nm(t̃) = (ω[t̃]
m − ω[t̃]

n )

∫
Dt̃

dVt̃

[
d

dt̃
Φ[t̃]
n (t̃)

]
Φ[t̃]
m(t̃)

−
∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξR̄(t̃)

]
Φ[t̃]
m(t̃)

− dω
[t̃]
n

dt̃

∫
Dt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m(t̃);

with (4, 5)
q(t) = ∂t log

√
h(t),

R̄(t) = 2∂tq(t) + q(t)2 − [∂th
ij(t)][∂thij(t)]/4.

Bogoliubov coefficients (keeping the trivial phase)

Differential equation (33)
d

dt̃
U(t̃, t̃0) =

[
iΩ(t̃) +K(t̃)

]
U(t̃, t̃0);

with (32)

Ω(t̃) = diag(ω
[t̃]
1 , ω

[t̃]
2 , . . . ,−ω

[t̃]
1 ,−ω

[t̃]
2 , . . .),

K(t̃) =

(
α̂(t̃) β̂(t̃)

β̂(t̃)∗ α̂(t̃)∗

)
.

Formal solution (34) U(t̃f , t̃0) = T exp

{∫ t̃f

t̃0

dt̃
[
iΩ(t̃) +K(t̃)

]}
.

Bogoliubov coefficients (dropping the trivial phase)

Differential equation (37)
d

dt̃
Q(t̃, t̃0) = Θ(t̃)∗K̄(t̃)Θ(t̃)Q(t̃, t̃0);

with (35)

Θ(t̃) = exp

{∫ t̃

dt̃′[iΩ(t̃′) + A(t̃′)]

}
,

K̄(t̃) = K(t̃)− A(t̃),

A(t̃) = diag(α̂11, α̂22, . . . ,−α̂11,−α̂22, . . .).

Formal solution (38) Q(t̃f , t̃0) = T exp

[∫ t̃f

t̃0

dt̃ Θ(t̃)∗K̄(t̃)Θ(t̃)

]
.
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II. Perturbative regime

Quantities ∆α̂ and ∆β̂

Using the modes computed

to first order in ε (52, 53)

∆α̂nm(t̃) ≡ i[(ω0
n)2 − (ω0

m)2]

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)(Φ0

m)∗

+

∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
(Φ0

m)∗,

∆β̂nm(t̃) ≡ − i[(ω0
n)2 − (ω0

m)2]

∫
D0

dV 0 ∆Φ[t̃]
n (t̃)Φ0

m

−
∫
D0

dV 0 Φ0
n

[
ω0
n∆q(t̃) + iξ∆R̄(t̃)

]
Φ0
m

− 2iω0
n∆ω[t̃]

n

∫
D0

dV 0 Φ0
nΦ0

m.

Using the modes solution to

the static problem (54)

∆α̂nm(t̃) ≡
∫
D0

dV 0 [∆̂(t̃)Φ0
n](Φ0

m)∗,

∆β̂nm(t̃) ≡ −
∫
D0

dV 0 [∆̂(t̃)Φ0
n]Φ0

m;

with (55, C.9)
∆̂(t̃)Φ0

n =
[
i∆Ô(t̃) + ω0

n∆q(t̃) + iξ∆R̄(t̃)
]

Φ0
n,

∆Ô(t̃) = ∂ε

[
−∇2

h(t̃) + ξRh(t̃) +m2
]
ε=0

.

Bogoliubov coefficients

Explicit time evolution

(resonances) (47, 48)

αnn(t̃f , t̃0) ≈ 1;

αnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0

dt̃ e−i(ω0
n−ω0

m)t̃∆α̂nm(t̃), n 6= m;

βnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0

dt̃ e−i(ω0
n+ω0

m)t̃∆β̂nm(t̃).

Asymptotic values using

Fourier transforms (49, 50)

αnn(−∞,∞) ≈ 1;

αnm(−∞,∞) ≈ ε
√

2π F[∆α̂nm(t̃)](ω0
n − ω0

m), n 6= m;

βnm(−∞,∞) ≈ ε
√

2π F[∆β̂nm(t̃)](ω0
n + ω0

m).
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