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We investigate experimentally the dynamics of a non-spherical levitated nanoparticle in vacuum.
In addition to translation and rotation motion, we observe the light torque-induced precession and
nutation of the trapped particle. We provide a theoretical model, which we numerically simulate and
from which we derive approximate expressions for the motional frequencies. Both, the simulation
and approximate expressions, we find in good agreement with experiments. We measure a torque
of 1.9√± 0.5 × 10−23 Nm at 1 × 10−1 mbar, with an estimated torque sensitivity of 3.6 ± 1.1 × 10−31
Nm/ Hz at 1 × 10−7 mbar.

Introduction– A typically levitated optomechanical
setup comprises of a particle, which is trapped using a
tightly focussed laser beam. The trapped particle is best
described as a harmonic oscillator and can exhibit a rich
variety of dynamics. For example, the dynamics can be
under-damped or over-damped depending on the number of collisions controlled by the background gas pressure. The dynamics can be linear or can show strong
non-linearities depending on the oscillation amplitude,
which is controlled by temporal and spatial modulated
external electric, magnetic, and light forces: the dynamics can be driven or cooled. This tunability of the dynamics has enabled various studies of the rich physics of this
harmonic oscillator, among them Brownian motion [1],
nonlinear dynamics [2, 3], test of fluctuation theorems
and non-equilibrium physics [4–6], and thermodynamics
in the single particle regime [7–9]. The unique properties
of the underlying dynamics and the ability to control levitated optomechanics demonstrate its immense potential
for sensing [10–12], as well as, to address fundamental
questions in physics [13–15].
The centre-of-mass (c.o.m.) translation motion of the
trapped nanoparticle has been studied in quite some detail already. Optical feedback, cavity-assisted schemes
and electric forces have been used to control the translation and have been ultimately used to cool the motion to
millikelvin temperatures [16–19] and below [20], already
close to the ground state of the harmonic oscillator.
In addition, to exhibiting translation motion, trapped
particles can also show rotation [21–23] and libration
[24] motion. Different light-matter physics has been used
to drive and control the rotation of levitated particles,
such as the polarizability-anisotropy in silicon rods coupling to the polarization of light [25]. Rotational frequencies of up to some GHz [26, 27] have been observed,
only limited by the centrifugal damage threshold of the
rotating particle.
Variation of the linear to circular polarization of light
gives a handle to switch between rotation and libration. Libration has been demonstrated experimentally
with trapped nanodiamonds [24], silicon rods [25] and
dumbbells [27]. Like translation, libration motion is described by a harmonic oscillator model and is therefore

a candidate to apply similar optical techniques for cooling with reasonable promise to reach a quantum ground
state, making libration a stark contender in the race towards the quantum regime. First proposals discuss the
usefulness of libration to generate macroscopic quantum
states such as angular superpositions [28, 29]. Additionally, both rotation and libration motion promise unprecedented high levels of sensitivity [24, 30, 31] for detection of weak forces such as gravity [28, 32] and dispersive
forces [33].
In this letter, we report on the observation of lightinduced precession motion of a non-spherical silica particle compound. We give a theoretical description of the
system and numerically simulate the model. We identify
the mechanical frequencies in the experimental spectrum:
in particular, translation, rotation (spin), precession, and
nutation motion. We investigate the precession by variation of background gas pressure and of the power of the
trapping laser in agreement with the theoretical model.
We discuss the possibilities for torque sensing applications.
Theoretical model– We consider an anisotropic polarizable particle, which is optically trapped by an elliptically polarized Gaussian laser beam. Part of the scattered photons are collected and directed, using optical
elements, towards a single photodetector. The scattered
light is mixed with a local oscillator to obtain the direct homodyne photo-current Iexp , see Fig. 1(a) [34].
This experimental situation has been analyzed theoretically using a quantum model [35], as well as numerically,
using an approximate classical model [36]. We now summarize the dynamics referring to the latter, where we
assume that we are at relatively high pressure, such that
we can neglect photon-recoil heating terms.
The dynamics can be described in a twelve dimensional
phase space of the following classical variables: center of
mass position r = (x, y, z)> , center of mass conjugate
momentum p = (px , py , pz )> , angle φ = (α, β, γ)> , and
angle conjugate momentum π = (πα , πβ , πγ )> , where the
angles are defined in the Euler z-y 0 -z 00 convention (see
Fig. 1(b)). In particular, the dynamics is given by (in
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Figure 1. The Levitated Optomechanical System: (a) A 1550 nm laser beam is focused by the paraboloidal mirror, the
particle is trapped in the focus. Once trapped, the scattered light, Escat , from the particle is collected and directed towards the
detection system. The interference between the scattered and the diverging electric fields, Ediv , is used to detect the motion
of the particle. (b) Paremetrization: A non-spherical particle that is trapped by a laser field propagating in the z-direction.
The laboratory axis are denoted by x, y, z, while the body-frame axis are denoted by the x00 , y 00 , z 00 . The relation between
the two frames is parametrized by the Euler angles α, β and γ in z-y 0 -z 00 convention. α denotes the angle of rotation about
the laboratory z-axis (from x towards y). β is the angle between the laboratory z-axis and the body z 00 -axis (rotated about
the y 0 -axis, i.e. the y-axis after it has been rotated by α about the z-axis; from z towards x). γ denotes the angle of rotation
about the body frame z 00 -axis (from x00 towards y 00 ). (c) TEM image of compound silica particle solution in water, few weeks
after preparation. The original particle solution is made of 50 nm radius silica spheres (Corpuscular Inc.).

Itô form):
dr = − ∂p Hfree dt

(1)

dp = − ∂r Hgrad dt + dpscatt + dpcoll

(2)

dφ =∂π (Hfree + Hgrad )dt

(3)

dπ = − ∂φ (Hfree + Hgrad )dt + dπ scatt + dπ coll ,

(4)

where Hfree and Hgrad denote the free Hamiltonian and
the gradient potential, respectively, dpscatt , dπ scatt denote the non-conservative terms induced by photon scattering, and dpcoll , dπ coll the non-conservative terms,
which arise from gas collisions. Specifically, dpscatt corresponds to the radiation pressure scattering force, which
displaces the particle along the positive z direction, and
dpcoll denotes the terms, which tend to thermalize the
center of mass motion to the temperature T of the gas
of particles. Similarly, dπ scatt denotes the terms, which
quantify the transfer of angular momentum from the photons to the particle, i.e. the driving terms, and dπ coll
denotes the terms that tend to thermalize rotations to
the temperature of the gas, i.e. the friction and diffusive
terms (see [37]).
We consider a specific experimental situation, where
we illustrate the physical content of Eqs. (1)-(4), and we
obtain approximate expression for the dominant mechanical frequencies (further details can be found elsewhere
[37]). Specifically, we consider the experimental situation
that produces the power spectral density in Fig. 2, where
the rotational frequencies are significantly higher or lower
than the translational ones. To obtain the dominant mechanical frequencies, we can in first approximation treat
translation and rotation as decoupled motion.
We start by looking at translational degrees of freedom. We suppose that | λr |  1, where λ is the laser

wavelength, which limits translations to harmonic oscillations. In particular, the frequencies for the x, y, z
motion are given by:
ωx2 =

2P a1 χ0
,
cσL w02 ρ

ωy2 =

2P a2 χ0
,
cσL w02 ρ

ωz2 =

2P χ0
2 ,
cσL ρzR

(5)

respectively, where P is the laser power, σL = πw02 is the
effective laser beam cross section area, w0 is the mean
beam waist radius, a1 ,a2 quantify the asymmetry of the
beam along the x, y directions, respectively, zR
the
Pis
3
Rayleigh length, ρ is the particle density, χ0 = 31 i=1 χi
is an effective susceptibility of the particle , and c is the
speed of light. These frequencies are obtained directly
from Hgrad by expanding to order O(( λr )2 ).
The rotational frequencies arise from (i) the transfer of
angular momentum during photon scattering, and from
(ii) the gradient torque. On the one hand, the scattering torque drives the system into a fast spinning motion,
while, on the other hand, the gradient torque would like
to align the system with the polarization of the incoming
beam in such a way to minimize the electric dipole potential energy, resulting in nutation and precession. Before deriving the rotational frequencies mathematically
we now first give an intuitive picture of the two mechanisms.
The mechanism (i) can be understood in terms of the
angular momentum carried by the incoming light beam
(in a particle picture one can think of an individual photon carrying a small amount of angular momentum, e.g.
~ for circular polarization). During scattering the angular momentum is transferred to the nanoparticle, where
the amount that is transferred depends on the susceptibility anisotropy and orientation of the nanoparticle.
As a consequence, the particle starts to spin, until an
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asymptotic rotational frequency is reached, which is constrained by friction due to gas collisions. In particular,
we consider the experimental situation, where the photon
(spin)
scattering gives rise to high spinning frequencies ωα
(spin)
and ωγ
about the z and z 00 axis, respectively.
Besides the dominant spinning motions there are also
two additional secondary motions, which arise as a consequence of the mechanism (ii). In a nutshell, the gradient torque would like to align the nanoparticle in such
a way to minimize the electric dipole potential energy,
i.e. β0 = π2 , but once the nanoparticle starts to spin, i.e.
it acquires a large angular momenta along the z and z 00
axis, it is unable to fully align, but rather settles around
an equilibrium position β0 6= π2 , which can be readily
understood in terms of angular momenta addition. Any
small perturbation, e.g. gas collisions, will make the β
angle oscillate around the β0 angle, which results in li(nutation)
bration (nutation) motion with frequency ωβ
. In
addition, the coupling between β and α also creates a
second frequency for the α motion, which we denote by
(precession)
: this motion can be visualized as a slow preωα
cession of the z 00 axis about the z axis (see Fig 1 (b)).
We now derive the rotational frequencies.
The spinning frequencies can be obtained from Eq. (4),
by setting dπ = 0, β = β0 , and neglecting conservative
and stochastic terms, i.e. we consider only the driving
term due to photon scattering and the friction term due
to gas collisions. We find the asymptotic angle conjugate
momentum π (spin) = − 2Γ1 c N s , where Γc is the collisional
damping rate, and N s = (Nα , Nβ , Nγ )> is the photon
scattering torque. We then immediately find the spinning
frequencies:
(ωα(spin) , 0, ωγ(spin) )> = E[Y ]π (spin) ,

(6)

where E[ · ] denotes the time-average over fast oscillating
terms, Y = Y (I) is the matrix that maps π to φ̇, and
I is the moment of inertia tensor in the body-frame (see
(spin)
(spin)
and ωγ
are
[37]). The explicit expressions for ωα
given in Eqs. (B3) and (B5), respectively.
We now consider the oscillations of β about the equilibrium point β0 , which we denote by δβ0 . This oscillatory, libration motion is induced by the (ii) conservative
terms, as well as by the fast spinning motion of α and
γ. In particular, after writing the Hamiltonian eqs. of
motion for δβ0 , using Eqs. (3) and (4), performing the
time average E[ · ], and keeping only the dominant terms,
we eventually obtain:
ωβnutation =

1 I1 + I2
csc2 (β0 )πα(spin) ,
2 I1 I2

(7)

where I1 and I2 denote the moment of inertia along the
x00 and y 00 principal axis. The explicit expressions for
(nutation)
ωβ
and β0 are given in Eqs. (B5) and (B6), respectively.

The δβ0 oscillations also perturb the α motion: we denote the perturbation to the spinning motion by δα, i.e.
(spin)
α(t) = ωα
t + δα. In particular, from Eq. (3), performing time-average E[ · ], and using Eq. (7), we even˙ = 2ω (nutation) cot(β0 )δβ, where δβ =
tually obtain δα
β
(nutation)

Bcos(ωβ
t), and B denotes the amplitude of δβ oscillations. However, in a typical detection we do not measure directly α, but normally its sine or cosine value. We
consider here sin(α), which we Taylor expand to order
(spin)
(spin)
O(δα), i.e. sin(α) = sin(ωα
t) + cos(ωα
t)δα. In
particular, from the last term, using trigonometric identities, and the expressions for δα and δβ0 , we obtain a
(precession)
term proportional to sin(ωα
t), where
(nutation)

ωα(precession) = ωα(spin) − ωβ

.

(8)

The α degree of freedom has thus two distinct motions: a
fast spinning motion with the frequency given in Eq. (6)
and a slow precession motion with the frequency given
in Eq. (8). This precession motion can be seen as a consequence of the β motion, which perturbs back the α
motion.
P
s
From Eqs. (6) and (7), noting that π (spin) ∝ N
Γc ∝ p ,
(spin)

(nutation)

and ωβ
scale linearly with the
we find that ωα
laser power P , and are inversely proportional to the gas
pressure p, where we have assumed that the equilibrium
position β0 does not change significantly near an initially
chosen power P0 and pressure p0 , N s is the torque due
to photon scattering, and Γc is the damping rate due
to gas collisions. On the other hand, the precession fre(precession)
given in Eq. (8) can scale differently
quency ωα
depending on the values of ∂P ∆ω|P0 and ∂p ∆ω|p0 , where
(nutation)
(spin)
− ωβ
.
∆ω = ωα
We have confirmed the validity of the obtained approximate formulae in Eqs. (5)-(8) by numerically simulating
Eqs. (1)-(4). More details of the simulations will be discussed elsewhere [36].
Experiments– The optical trap is shown in Fig. 1(a).
In the experiments presented we use initially individual
silica nanoparticles dispersed in water. We observe ageing of the solution with the result of clustering of the
nanospheres into compounds of two to three nanospheres,
a few weeks after preparation, as shown in Fig. 1(c). The
aged solution is delivered to the trap using a nebuliser.
The optical scattering force, limits the maximum particle
mean radius that can be optically trapped to about 150
nm to 200 nm.
Results– The power spectral density (PSD) shown in
Fig. 2(a) is generated from the time trace recorded as
the photodetector signal, Iexp , over a time interval of one
second. The PSD shows a rich spectrum of frequencies,
which respond differently for changing laser power and
background gas pressure.
Translation motion is observed at frequencies, ωx =
2π× 196 kHz, ωy = 2π× 246 kHz, ωz = 2π× 124 kHz in
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Figure 2. Measured Spectrum: (a) The full experimental spectrum obtained at 1×10−1 mbar (shown in purple). It includes
contributions from translation, rotation and precession motion. Additionally, a simulated spectrum (shown in blue) fitted to
the experimental PSD is shifted for visibility. The simulated spectrum is obtained for 108 timesteps. (b) Shows the frequency
dependencies with pressure for translation (blue), rotation (magenta) and precession (red). The inverse relation is signature
of rotational, while the direct proportionality is signature of precession. (c) Shows the change in translation frequency due to
(spin)
, with laser power whilst precession is independent
square root of laser power. (d) shows linear dependency of rotation, ωγ
0
(spin)
of laser power. (e) Detailed spectrum of rotation frequency, ωγ
, with translation sidebands and ωα an additional frequency
peak appearing in the motion of α motion.

Fig. 2(a). We do not observe pressure dependency of the
translation frequencies (see Fig. 2(b)), but find that they
scale proportionately to the square root of laser power,
P , in agreement with Eq.(5), see Fig. 2(c). The x and
y peaks are separated because we use elliptically polarized light, which after it is reflected from the paraboloidal
mirror, generates an asymmetric optical trap. The polarization of light was kept constant during the course of
the experiments in this letter.
From the experimental data, we find the fundamental
frequencies for the rotational motions, ωγspin and ωαspin to
be 2π × 1.9 MHz and 2π × 3.8 MHz, respectively, which
are perfectly reproduced using Eqs. (6), (B3) and (B5).
(spin)
The rotational frequency ωγ
changes with the damping, Γc , which depends linearly on the gas pressure, p,
(spin)
i.e. ωγ
∝ Γ1c ∝ p1 . This is a clear signature of rotation motion, as shown in Fig. 2(b). We also observe
a dependency of the frequency on the laser power P ,
as shown in Fig 2(d) in agreement with the dependency
on the photon scattering torque, N s ∝ P . Zooming
(spin)
to the fundamental frequency ωγ
reveals sidebands,
see Fig. 2(e), which are the addition and subtraction of
the three translational frequencies. Using the numerical

simulation we identify another mode in α rotation, with
0
frequency ωα = 2π × 393 kHz: this gives rise to the side(spin)
(see [37]). In the presented data set, we
band in ωγ
0
only resolve one of the ωα sideband peaks. The lightmatter interactions introduce couplings between translation and rotation, which explain the observed sidebands
and higher harmonics in agreement with numerical simulation, see Eqs. (A2), (A5)-(A7) in [37] for further details.
(spin)
We also observe ωα
to scale linearly with power and
inversely with pressure.
Further to observing translation and rotation peaks,
we observe a frequency at 2π × 5.4 kHz, as shown in
Fig. 2(a). This frequency is well-isolated and characterised by its dependency on laser power, P and gas
pressure, p. We associate this low frequency with the
(precession)
gradient torque-induced precession, ωα
. From
Eq. (8), Taylor expanding about the initial pressure p0 ,
we find that the dominant term is linear in p (the con(precession)
stant terms cancel), i.e. ωα
= ∂p (∆ω)|p0 p. On
the other hand, we find a weak dependence on the laser
(precession)
power P , i.e. ωα
= ∆ω|P0 , where P0 is the initial laser power. We verify these frequency dependencies on gas pressure and laser power in Figs. 2(b) and
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(precession)

2(d), respectively. We exclude ωα
to be caused
by nonlinear translational motion, as the translation frequencies do not change with pressure. This is evident
from Fig. 2(b) where ωz is constant. Thus, we conclude,
that the observed frequency and its behaviour is signature of precession motion as described by Eq. (8).
The precession motion arises due to the fast spinning
α degree of freedom, as well as, the nutation motion of β.
The observation of precession is thus an indirect indication of nutation motion. We associate the time trace of
the β motion to libration motion, which is linearly dependant on power and inverse proportional to gas pressure,
as a result of the numerical simulation. The β libration
is due to the coupling between α and β motion.
Discussion– From the theoretical analysis, the precession motion arises due to an optical-torque acting upon
the trapped particle. Torque can also be generated by an
external force, which opens the way for sensitive detection of forces by precession. In particular, by combining
Eqs. (6), (7), and (8), we get an expression for the αcomponent of the photon scattering torque:


2I1 I2 (I1 + I2 ) (precession)
ωα
,
(9)
Nα = Γc sin2 (β0 )
I12 + I22
where we have kept only the dominant terms, and denote
the term in the square brackets by J , and name it the
effective moment of inertia. Using the experimentally
(precession)
, and estimating J , we achieve a
measured ωα
measured torque of Nα = 1.9±0.5×10−23 Nm at 1×10−1
mbar, in comparison to the measurement of nanoscale
torque sensors reported down to 10−20 Nm [38] and to
estimates of 10−22 Nm [30] for silicon nanorods.
We now consider an additional small external torque
acting on α, which we denote by δNext . We suppose
that Eq. (9) remains valid, when we formally make the
replacement Nα → Nα + δNext , and we denote the corresponding change in the precession frequency by δωα .
Furthermore, assuming that the equilibrium value of β0
remains largely unaffected, we obtain the torque sensitivity δNext = Γc sin(β0 )2 J δωα . Using experimental parameters√
we estimate a torque sensitivity of 3.6 ± 1.1 × 10−31
Nm/ Hz at 1 × 10−7 mbar, limited only by photon shot
noise (see supplementary D [37]) in comparison to the
torque sensitivity
√ using libration motion, which is at
1 × 10−29 Nm/ Hz at 10−9 mbar [24].
Conclusions– We have observed precession motion in
levitated optomechanics and inferred the presence of nutation motion. We present a theory of this motion and
show that it arises from the equations of motion for a rotating object experiencing scattering and gradient forces
and torques. Additionally, we characterise the rich spectrum detected with translation, rotation and higher harmonics. We further show a measured torque of 10−23 Nm
at 10−1 mbar, and predict
√ the ability to reach sensitivities down to 10−31 Nm/ Hz at 10−7 mbar.

Thus, precession motion is a degree of freedom that
could be utilised for torque sensing with the sensitivities
to resolve single electron [39] and even nuclear spins [24]
at low pressure. This work paves the way for gyroscope
applications, as shown in [40]. The precession motion can
also be used for dynamical model selection to distinguish
between quantum and classical evolution due to the inherent nonlinearities in rotation motion [41], if sufficient
coherence can be prepared. Additionally, this work can
be used to reconstruct the shape and effective moment
of inertia, J , from the knowledge of the full spectrum of
freedom containing all motional degrees of the trapped
particle.
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Appendix A: Dynamics

In this supplementary section we list the terms obtained in [35, 36]. We start by specifying the conservative terms.
The free Hamiltonian is given by:

Hfree

px 2 + py 2 + pz 2
+
=
2M



csc2 (β)(cos(γ)(πα − πγ cos(β)) − πβ sin(β) sin(γ))2
2I1

2
csc (β)(sin(γ)(πα − πγ cos(β)) + πβ sin(β) cos(γ))2
πγ 2
+
+
,
2I2
2I3

(A1)

where M is the mass of the nanoparticle, and I = diag(I1 , I2 , I3 ) is the moment of inertia tensor in the body frame.
The gradient potential is given by

Hgrad


VP
2
|u(r)| a2 χ1 (cos(α) cos(β) cos(γ) − sin(α) sin(γ))2
=−
cσL

+ χ2 (cos(α) cos(β) sin(γ) + sin(α) cos(γ))2 + χ3 cos2 (α) sin2 (β)

+ b χ1 (sin(α) cos(β) cos(γ) + cos(α) sin(γ))2
2



+ χ2 (cos(α) cos(γ) − sin(α) cos(β) sin(γ)) + χ3 sin (α) sin (β) .
2

2

2

(A2)

where u is a modified Gaussian mode function:
u(r) =



a1 x2 + a2 y 2
w0
exp −
e−ikz ,
w(z)
w(z)2

(A3)

w0 is an effective
beam waist, σL = πw02 , a1 , a2 denote the asymmetry along the x, y axis, respectively, a1 a2 = 1,
q
2
w(z) = w0 (1 + zz2 ), zR is the Rayleigh range, k = 2π
λ , λ is the laser wavelength, P is the laser power, c is the speed
R

of light, and χ = diag(χ1 , χ2 , χ3 ) is the susceptibility tensor in the body-frame.
We now specify the non-conservative terms. We first discuss the deterministic terms related to photon scattering,
(ds)
(ds)
(ds)
(ds)
namely dpscatt = (0, 0, dpz )> and dπ scatt = (dπα , dπβ , dπγ )> . In particular, we have:
16π~Γs 2π
|u(r)|2 dt,
3
λ

4πbx by ~Γs
=
|u(r)|2 − 2 sin2 (β) cos(2γ)(χ1 − χ2 )(χ1 + χ2 − 2χ3 )
3

dp(ds)
=
z
dπα(ds)

+ cos(2β) χ21 + 2χ3 (χ1 + χ2 ) − 4χ1 χ2 + χ22 − 2χ23

2
2
2
+ 3χ1 − 2χ3 (χ1 + χ2 ) − 4χ1 χ2 + 3χ2 + 2χ3 dt,
(ds)

dπβ

dπγ(ds)

16πbx by ~Γs
|u(r)|2 sin(β) sin(γ) cos(γ)(χ1 − χ2 )(χ1 + χ2 − 2χ3 )dt,
3
16πbx by ~Γs
=
|u(r)|2 cos(β)(χ1 − χ2 )2 dt,
3
=

(A4)


(A5)
(A6)
(A7)

π2 V 2

P
0
where Γs = σ̃σRL ~ω
is the scattering rate, ωL = 2πc
λ , σ̃R = λ4 is an effective scattering cross-section, bx and by are
L
the components of the Gaussian beam polarization vector d = (bx , iby , 0)> , and b2x + b2y = 1.

We now discuss the gas collision terms denoted by dpcoll = dp(dc) + dp(sc) and dπ coll = dπ (dc) + dπ (sc) . The
terms denoted by the superscripts (ds) and (sc) corresponds to non-conservative deterministic and stochastic terms,

8
respectively. In particular, we have
dp(dc) = −2ΓC pdt,
dπ

(dc)

(sc)
dpk
(sc)

dπ k

(A8)

= −2ΓC πdt,
p
= 4mkB T Γc dVk ,
3 q
X
=
4kB mT D̃ζ Γc (∂φk R)j,ζ dZζ,j ,

(A9)
(A10)
(A11)

ζ,j=1
2

πpg rg
where Γc = √

8mg kB T

is a characteristic collision rate, pg is the gas pressure, rg and mg are the radius and mass of a

gas particle, respectively, kB is Boltzmann’s constant, T is the gas temperature, and D̃ζ = 12 (tr(I) − Iζ ). Vk and Zζ,j
are zero mean independent Wiener processes.

Appendix B: System frequencies

Here we list the formulae, which have been used in the main text, to obtain the dominant frequencies of the system.
The photon scattering torque is given by

!> 
(ds)
(ds)
(ds)
dπ
dπ
dπ
γ
α
β
,
(B1)
,
,
Ns = E 
dt
dt
dt
(ds)

(ds)

(ds)

where dπα ,dπβ , and dπγ are given in Eqs. (A5), (A6), and (A7), respectively, and E denotes the time average
over fast oscillating terms.
The conversion matrix Y from the conjugate angle momenta π to the time-derivative of the angle vector φ̇ is defined
as

> 

−1
− sin(β) cos(γ) sin(γ) 0
I1 0 0
− sin(β) cos(γ) sin(γ) 0


Y =  sin(β) sin(γ) cos(γ) 0   0 I2 0   sin(β) sin(γ) cos(γ) 0  .
(B2)
cos(β)
0
1
0 0 I3
cos(β)
0
1
The dominant frequencies for the spin motion are given by

2bx by π~
1
1
1
Γs
2
ωα(spin) = 3 2
(I1 + I2 )I1 (χ1 − χ2 )2 cos2 (β0 ) − ( I1 I3 + I2 I3 )
csc
(β
)
0
2) I Γ
2
2
2
(I
+
2I
I
+
I
c
1
2
3
1
2
4
3χ21

− 4χ2 χ1 +

3χ22

+

2χ23

− 2(χ1 + χ2 )χ3 +

χ21

− 4χ2 χ1 +

χ22

−

2χ23

+ 2(χ1 + χ2 )χ3





cos(2β0 ) ,

(B3)

and
2bx by π~
Γs
cot(β 0 ) csc(β0 )
2 + 2I I + I 2 ) I Γ
(I
1 2
3 c
1
2
4





1
1 2
1 2
1
1
2
2
2
−
(I1 + I2 )I3 cos (β0 ) +
I1 + I2 I1 + I2 sin (β0 ) (χ1 − χ2 ) − (− I1 − I2 )I3
2
2
2
2
2



2
2
2
2
2
2
3χ1 − 4χ2 χ1 + 3χ2 + 2χ3 − 2(χ1 + χ2 )χ3 + χ1 − 4χ2 χ1 + χ2 − 2χ3 + 2(χ1 + χ2 )χ3 cos(2β0 )
, (B4)

ωγ(spin) = 3

while the nutation frequency is given by
ωβnutation



2πbx by ~ Γs
1 I1 + I2
2
csc (β0 )
cos(2β0 ) χ21 + 2χ3 (χ1 + χ2 ) − 4χ1 χ2 + χ22 − 2χ23
=
2 I1 I2
3
Γc

2
2
2
+ 3χ1 − 2χ3 (χ1 + χ2 ) − 4χ1 χ2 + 3χ2 + 2χ3 .

(B5)
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(spin)

Figure 3. Simulated Spectrum: The power spectral density of the six different degrees of motion, where ωγ
(in green),
(nutation)
(spin)
ωβ
(in magenta), ωα
(in blue) are the rotation motions; ωx (in grey), ωy (in brown), and ωz (in dark green) are the
translation motions.

The equilibrium position of the β angle is given approximately by:
s
!
(I1 + I2 )πcw02 πα2
4
−1
β0 = sin
.
I1 I2 P V (2χ3 − χ1 − χ2 )

(B6)

The fact that β0 depends on πα is a consequence of the coupling in Eqs. (A1) and (A2).
To estimate the dominant frequencies using Eqs. (B3) - (B5) we have numerically simulated the system and extracted
the fitted parameters (see supplementary material C). In particular, we obtain from the simulation the following values
(nutation)
(precession)
(spin)
(spin)
= 2π × 5.5kHz
= 2π × 1.957MHz, ωβ
= 2π × 3.924MHz, and ωα
= 2π × 3.919MHz, ωγ
ωα
in perfect agreement with experimental data. Using the simulation parameters, we also find good agreement within
order of magnitude with the approximate expressions in Eqs. (B3) - (B5). Thus, Eqs. (B3) - (B5), can be used for
estimating the initial simulation parameters for the fitting algorithm.
.

Appendix C: Numerical Simulation

In this section we further discuss the different contributions to the simulated spectrum shown in Fig. 2(a). The
solution to the twelve coupled SDEs, give information of x(t), y(t), z(t), α(t), β(t) and γ(t). From these we can
extract the frequency spectrum, as shown in Fig. 3. The spectrum for each degree of freedom demonstrates the source
of the numerous frequencies observed in Fig. 2(a).
α-rotation (blue line in Fig. 3): Starting from the right to left, the α rotation contains frequencies relating the
(spin)
(spin)
main rotation peak, ωα
and its higher harmonics. In addition to this there are sidebands to ωα
which relate
0
to another mode of motion designated as ωα . Farther to the left, of the spectrum we observe this additional mode,
0
ωα and its second harmonic. The far left of the α spectrum show the precession motion.
(nutation)
β-nutation (magenta line in Fig. 3): The spectrum for β motion shows the central nutation frequency ωβ
and
0
0
its higher harmonics. The sidebands refer to ωα and 2ωα . Both these frequencies also appear in the actual spectrum
as well.
(spin)
γ-rotation (green line in Fig. 3): The spectrum for γ rotation shows ωα
and its higher harmonics. The sidebands
0
relate to ωα and come about due to the coupling of γ-rotation with α-rotation. In addition to the rotation degrees of
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gas collisions photon scattering
2
translations 4kB T M Γc
Γs ~2 2π
λ
rotations 45 kB T M R2 Γc
Γs ~2
Table I. The expressions denote estimates for the variance of momentum (angular momentum) fluctuations per unit time for
translations (rotations), induced by gas collisions and photon scattering. Note that this expressions are good estimates for a
system that is not highly anisotropic, while for a highly anisotropic objects, the moment of inertia and electric susceptibility
tensors have to be taken into account [36]. M and R denote an effective radius and mass of the nanoparticle, Γs and Γc
denote photon scattering and gas collision rate, respectively, T is the temperature of the gas, and λ is the laser wavelength (see
supplementary material A).

freedom, Fig. 3 also shows the translation motions, ωx , ωy and ωz .
Appendix D: Recoil heating

We can estimate the recoil heating rates for translational and rotational degrees of freedom due to gas collisions
and photon scattering using the Table. I. These expressions can be derived heuristically by considering the amount
of linear and angular momentum carried by a single gas particle or
the amount of linear and
p
pphoton. Specifically,
angular momentum carried by a gas particle can be estimated as 2mg kb T and 2mg kb T R2 , respectively, where
mg is the mass of a gas particle and R is an effective radius of the nanoparticle. To obtain the net effect on the
nanoparticle we have to take into account the gas collisions scattering cross section: we formally replace mg with the
mass of the nanoparticle M (we do not change the expressions in Γc , which is associated with a single atom of the
nanoparticle). We can make a similar argument for photons: the amount of linear and angular momentum carried
by a photon particle is ~ 2π
λ and ~, respectively. However, the photon scattering cross section is already included in
Γs , and thus we immediately obtain the linear and angular momentum fluctuations per unit time in Table. I. A more
rigorous derivation, based on the quantum model [35], will be given elsewhere [36].
To get a rough numerical estimate we have considered the moment of inertia tensor of a sphere and a susceptibility
tensor that in the body frame has the diagonal elements close to unity.
Using the formulae in Table. I we compare the strength of the heating mechanisms in Fig. 4. This analysis also
reproduces the transition to the photon recoil heating regime for translations is in accordance with Fig. 3 from [20].
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Figure 4. Comparison of recoil heating from gas collisions and from photon scattering. We plot the ratio of the estimates in
each row from Table. I. Values bigger (smaller) than 1 mean that the recoil heating from gas collisions (photon scattering) is
dominant.

